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Mathematical truth is immutable; it lies outside 
physical reality....This is our belief; this is 
our core motivating force. Yet our attempts to 
describe this belief to our nonmathematical 
friends are akin to describing the Almighty to 
an atheist. Paul embodied this belief in math- 
ematical truth. His enormous talents and ener- 
gies were given entirely to the Temple of 
Mathematics. He harbored no doubts about the 
importance, the absoluteness, of his quest. To 
see his faith was to be given faith. The religious 
world might better have understood Paul’s 
special personal qualities. We knew him as 


Uncle Paul. 


—Joel Spencer 


To find another life this century as intensely 
devoted to abstraction, one must reach back 
to Ludwig Wittgenstein (1889-1951), who 
stripped his hfe bare for philosophy. But 
whereas Wittgenstein discarded his family for- 
tune as a form of self-torture, Mr. Erdés gave 
away most of the money he earned because he 
simply did not need it.... And where Wittgen- 
stein was driven by near suicidal compulsions, 
Mr. Erdés simply constructed his hfe to extract 
the maximum amount of happiness. 


—The Economist 


He MAM Wr bee 
veh AM ieee 


Oo 


THE TWO-AND-A-HALF-BILLION- 
YEAR-OLD MAN 


Végre nem butulok tovabb 
(Finally I am becoming stupider no more) 


—the epitaph Paul Erdés wrote for himself 


Paul Erdés was one of those very special ge- 
niuses, the kind who comes along only once in 
a very long while yet he chose, quite consciously 
I am sure, to share mathematics with mere 
mortals—like me. And for this, I will always 
be grateful to him. I will miss the times he 
prowled my hallways at 4:00 A.M. and came to 
my bed to ask whether my “brain is open.” I 
will miss the problems and conjectures and the 
stimulating conversations about anything and 
everything. But most of all, I will just miss 
Paul, the human. I loved him dearly. 


—Tom Trotter 


It was dinnertime in Greenbrook, New Jersey, on a cold 
spring day in 1987, and Paul Erdds, then seventy-four, 
had lost four mathematical colleagues, who were sitting 
fifty feet in front of him, sipping green tea. Squinting, 
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Erdés scanned the tables of the small Japanese restaurant, 
one arm held out to the side like a scarecrow’s. He was 
angry with himself for letting his friends slip out of 
sight. His mistake was to pause at the coat check while 
they charged ahead. His arm was flapping wildly now, 
and he was coughing. “I don’t understand why the SF 
has seen fit to send me a cold,’ he wheezed. (The SF is 
the Supreme Fascist, the Number-One Guy Up There, 
God, who was always tormenting Erdds by hiding his 
glasses, stealing his Hungarian passport, or, worse yet, 
keeping to Himself the elegant solutions to all sorts of 
intriguing mathematical problems.) ““The SF created us to 
enjoy our suffering,” Erdés said. “The sooner we die, the 
sooner we defy His plans.” 

Erdés still didn’t see his friends, but his anger dissi- 
pated——his arm dropped to his side—as he heard the high- 
pitched squeal of a small boy, who was dining with his 
parents. “An epsilon!” Erdés said. (Epsilon was Erdés’s word 
for a small child; in mathematics that Greek letter is used 
to represent small quantities.) Erdés moved slowly toward 
the child, navigating not so much by sight as by the sound 
of the boy’s voice. “Hello,” he said, as he reached into his 
ratty gray overcoat and extracted a bottle of Benzedrine. 
He dropped the bottle from shoulder height and with the 
same hand caught it a split second later. The epsilon was 
not at all amused, but perhaps to be polite, his parents 
made a big production of applauding. Erdés repeated the 
trick a few more times, and then he was rescued by one 
of his confederates, Ronald Graham, a mathematician at 
AT&T, who called him over to the table where he and 
Erdés’s other friends were waiting. 

The waitress arrived, and Erdés, after inquiring about 
each item on the long menu, ordered fried squid balls. 
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While the waitress took the rest of the orders, Erdés turned 
over his placemat and drew a tiny sketch vaguely resem- 
bling a rocket passing through a hula-hoop. His four dining 
companions leaned forward to get a better view of the 
world’s most prolific mathematician plying his craft. 
“There are still many edges that will destroy chromatic 
number three,” Erdés said. “This edge destroys bipartite- 
ness.” With that pronouncement Erddés closed his eyes and 
seemed to fall asleep. 

Mathematicians, unlike other scientists, require no lab- 
oratory equipment—a practice that reportedly began with 
Archimedes, who, after emerging from his bath and rub- 
bing himself with olive oil, discovered the principles of 
geometry by using his fingernails to trace figures on his 
oily skin. A Japanese restaurant, apparently, 1s as good a 
place as any to do mathematics. Mathematicians need only 
peace of mind and, occasionally, paper and pencil. “That’s 
the beauty of it,’ Graham said. “You can lie back, close 
your eyes, and work. Who knows what problem Paul’s 
thinking about now?” 

“There was a time at Trinity College, in the 1930s I 
believe, when Erdés and my husband, Harold, sat thinking 
in a public place for more than an hour without 
uttering a single word,” recalled Anne Davenport, the 
widow of one of Erdés’s English collaborators. ““Then Har- 
old broke the long silence, by saying, ‘It is not nought. It 
is one.’ Then all was relief and joy. Everyone around them 
thought they were mad. Of course, they were.” 


Before Erdés died, on September 20, 1996, at the age of 
eighty-three, he had managed to think about more prob- 
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lems than any other mathematician in history. He wrote 
or co-authored 1,475 academic papers, many of them mon- 
umental, and,all of them substantial. It wasn’t just the 
quantity of work that was impressive but the quality: 
“There is an old saying,” said Erdés. “Non numerantur, sed 
ponderantur (They are not counted but weighed). In the 
old [Hungarian] parliament of noblemen, they didn’t count 
the votes: they weighed them. And this is true of papers. 
You know, Riemann had a very short list of papers, Godel 
had a short list. Gauss was very prolific, as was Euler, of 
course.’ Even in his seventies there were years when Erdés 
published fifty papers, which is more than most good math- 
ematicians write in a lifetime. He proved that mathematics 
isn’t just a young man’s game. 

Erdés (pronounced “air-dish”) structured his life to 
maximize the amount of time he had for mathematics. He 
had no wife or children, no job, no hobbies, not even a 
home, to tie him down. He lived out of a shabby suitcase 
and a drab orange plastic bag from Centrum Aruhaz (‘‘Cen- 
tral Warehouse”), a large department store in Budapest. In 
a never-ending search for good mathematical problems 
and fresh mathematical talent, Erdés crisscrossed four con- 
tinents at a frenzied pace, moving from one university or 
research center to the next. His modus operandi was to 
show up on the doorstep of a fellow mathematician, de- 
clare, “My brain 1s open,” work with his host for a day or 
two, until he was bored or his host was run down, and then 
move on to another home. 

Erdés’s motto was not “Other cities, other maidens” but 
‘Another roof, another proof.” He did mathematics in more 
than twenty-five different countries, completing important 
proofs in remote places and sometimes publishing them in 
equally obscure journals. Hence the limerick, composed by 
one of his colleagues: 
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A conjecture both deep and profound 
Is whether the circle is round. 

In a paper of Erdos 

Written in Kurdish 

A counterexample is found. 


When Erdés heard the limerick, he wanted to publish a 
paper in Kurdish but couldn’t find a Kurdish math journal. 


Erdés first did mathematics at the age of three, but for the 
last twenty-five years of his life, since the death of his 
mother, he put in nineteen-hour days, keeping himself for- 
tified with 10 to 20 milligrams of Benzedrine or Ritalin, 
strong espresso, and caffeine tablets. “A mathematician,” 
Erdés was fond of saying, “is a machine for turning coffee 
into theorems.” When friends urged him to slow down, he 
always had the same response: “There'll be plenty of time 
to rest in the grave.” 

Erdés would let nothing stand in the way of mathe- 
matical progress. When the name of a colleague in Cali- 
fornia came up at breakfast in New Jersey, Erdos 
remembered a mathematical result he wanted to share with 
him. He headed toward the phone and started to dial. His 
host interrupted him, pointing out that it was 5:00 A.M. on 
the West Coast. “Good,” Erdés said, “that means he’ll be 
home.” 

When challenged further in situations like this, Erddés 
was known to respond, “Louis the Fourteenth said, ‘I am 
the state’; Trotsky could have said, ‘I am society’; and I say, 


‘J am reality.’”’ 


No one who knew him would disagree. 
“Erdés had a childlike tendency to make his reality over- 


take yours,” a friend said. “And he wasn’t an easy house- 
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guest. But we all wanted him around—for his mind. We 
all saved problems up for him.” 

To communicate with Erdés you had to learn his lan- 
guage. “When we met,” said Martin Gardner, the mathe- 
matical essayist, “his first question was ‘When did you 
arrive?’ I looked at my watch, but Graham whispered to 
me that it was Erdés’s way of asking, ‘When were you 
born?” Erdés often asked the same question another way: 
“When did the misfortune of birth overtake you?” His 
language had a special vocabulary—not just “the SF” and 
“epsilon” but also “bosses” (women), “slaves” (men), “cap- 
tured” (married), “liberated” (divorced), “recaptured” (re- 
married), “noise” (music), “poison” (alcohol), “preaching” 
(giving a mathematics lecture), “Sam” (the United States), 
and “Joe” (the Soviet Union). When he said someone had 
“died,” Erdéds meant that the person had stopped doing 
mathematics. When he said someone had “left,” the per- 


son had died. 


At five foot six, 130 pounds, Erdés had the wizened, cadav- 
erous look of a drug addict, but friends insist he was frail 
and gaunt long before he started taking amphetamines. His 
hair was white, and corkscrew-shaped whiskers shot out at 
odd angles from his face. He usually wore a gray pin- 
striped jacket, dark trousers, a red or mustard shirt or pa- 
jama top, and sandals or peculiar pockmarked Hungarian 
leather shoes, made especially for his flat feet and weak 
tendons. His whole wardrobe fit into his one small suitcase, 
with plenty of room left for his dinosaur of a radio. He 
had so few clothes that his hosts found themselves washing 
his socks and underwear several times a week. “He could 
buy more,” one of his colleagues said, “or he could 
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wash them himself. I mean, it takes zero IQ to learn how 
to operate a washing machine.” But if it wasn’t mathe- 
matics, Erdés wouldn’t be bothered. “Some French socialist 
said that private property was theft,” Erdds recalled. “I say 
that private property is a nuisance.” 

The only possessions that mattered to him were his 
mathematical notebooks. He filled ten of them by the time 
he died. He always carried one around with him, so that 
he could record his mathematical insights on a moment’s 
notice. “Erdés came to my twins’ bar mitzvah, notebook in 
hand,” said Peter Winkler, a colleague of Graham’s at 
AT&T. “He also brought gifts for my children—he loved 
kids—and behaved himself very well. But my mother-in- 
law tried to throw him out. She thought he was some guy 
who wandered in off the street, in a rumpled suit, carrying 
a pad under his arm. It is entirely possible that he proved 
a theorem or two during the ceremony.” 

All of his clothes, including his socks and custom- 
made underwear, were silk, because he had an undiag- 
nosed skin condition that was aggravated by other kinds 
of fabric. He didn’t like people to touch him. If you ex- 
tended your hand, he wouldn’t shake it. Instead, he’d 
limply flop his hand on top of yours. “He hated it if I 
kissed him,” said Magda Fredro, a first cousin who was 
otherwise very close to him. “And he’d wash his hands 
fifty times a day. He got water everywhere. It was hell 
on the bathroom floor.” 

Although Erdés avoided physical intimacy, and was 
always celibate, he was friendly and compassionate. “He 
existed on a web of trust,” said Aaron Meyerowitz, a 
mathematician at Florida Atlantic University. “When I 
was a graduate student and we had never met before, I 
gave him a ride. I didn’t know the route and asked him 
if he wanted to navigate with a map. He didn’t want to 
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[and probably didn’t know how to]. He just trusted that 
I, a total stranger, would get him there.” 

What little money Erdos received in stipends or lecture 
fees he gave away to relatives, colleagues, students, and 
strangers. He could not pass a homeless person without 
giving him money. “In the early 1960s, when I was a stu- 
dent at University College London,” recalled D. G. Larman, 
“Erd6és came to visit us for a year. After collecting his first 
month’s salary he was accosted by a beggar on Euston sta- 
tion, asking for the price of a cup of tea. Erdés removed a 
small amount from the pay packet to cover his own frugal 
needs and gave the remainder to the beggar.” In 1984 he 
won the prestigious Wolf Prize, the most lucrative award 
in mathematics. He contributed most of the $50,000 he 
received to a scholarship in Israel he established in the 
name of his parents. “I kept only seven hundred and twenty 
dollars,” Erdés said, “and I remember someone comment- 
ing that for me even that was a lot of money to keep.” 
Whenever Erdés learned of a good cause—a struggling 
classical music radio station, a fledgling Native American 
movement, a camp for wayward boys—he promptly made 
a small donation. “He’s been gone a year,” said Graham, 
‘and I’m still getting mail from organizations he gave do- 
nations to. Today I got a postcard from an Israeli girls’ 
home.” 

In the late 1980s Erdés heard of a promising high 
school student named Glen Whitney who wanted to 
study mathematics at Harvard but was a little short of 
the tuition. Erdés arranged to see him and, convinced of 
the young man’s talent, lent him $1,000. He asked Whit- 
ney to pay him back only when it would not cause finan- 
cial strain. A decade later Graham heard from Whitney, 
who at last had the money to repay Erdés. “Did Erdés 
expect me to pay interest?” Whitney wondered. “What 
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should I do?” he asked Graham. Graham talked to Erdés. 
“Tell him,” Erdés said, “to do with the thousand dollars 
what I did.” 


Erdés was a mathematical prodigy. At three he could mul- 
tiply three-digit numbers in his head, and at four he dis- 
covered negative numbers. “I told my mother,” he recalled, 
“that if you take 250 from 100, you get —150. My second 
great discovery was death. Children don’t think they’re ever 
going to die. I was like that too, until I was four. I was in 
a shop with my mother and suddenly I realized I was 
wrong. I started to cry. I knew I would die. From then on, 
I’ve always wanted to be younger. In 1970, I preached in 
Los Angeles on ‘my first two and a half billion years in 
mathematics.’ When I was a child, the Earth was said to 
be two billion years old. Now scientists say it’s four and a 
half billion. So that makes me two and a half billion. The 
students at the lecture drew a timeline that showed me 
riding a dinosaur. I was asked, ‘How were the dinosaurs?’ 
Later, the right answer occurred to me: ‘You know, I don’t 
remember, because an old man only remembers the very 
early years, and the dinosaurs were born yesterday, only a 
hundred million years ago.’ ” 

Erdés loved the dinosaur story and repeated it again 
and again in his mathematical talks. ‘““He was the Bob Hope 
of mathematics, a kind of vaudeville performer who told 
the same jokes and the same stories a thousand times,” said 
Melvyn Nathanson at a mathematical memorial service for 
Erdés in Budapest. “When he was scheduled to give yet 
another talk, no matter how tired he was, as soon as he 
was introduced to an audience, the adrenaline (or maybe 
amphetamine) would release into his system and he would 
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bound onto the stage, full of energy, and do his routine for 
the thousand and first time.” 

In the early 1970s, Erdés started appending the initials 
P.G.0.M. to his name, which stood for Poor Great Old 
Man. When he turned sixty, he became P.G.O.M.L.D., 
the L.D. for Living Dead. At sixty-five he graduated 
to P.G.O.M.L.D.A.D., the A.D. for Archeological Discov- 
ery. At seventy he became P.G.0.M.L.DA.D.L.D., the 
L.D. for Legally Dead. And at seventy-five he was 
P.G.O1M.L.D.A.D.L.D.C.D., the C.D. for Counts Dead. In 
1987, when he was seventy-four, he explained: “The Hun- 
garian Academy of Sciences has two hundred members. 
When you turn seventy-five, you can stay in the academy 
with full privileges, but you no longer count as a member. 
That’s why the C.D. Of course, maybe I won’t have to face 
that emergency. They are planning an international con- 
ference for my seventy-fifth birthday. It may have to be 
for my memory. I’m miserably old. I’m really not well. I 
don’t understand what’s happening to my body—maybe 
the final solution.” 

Erdés outlived most of his friends and, to his dismay, 
watched some of them lose their minds. His college thesis 
adviser, Leopold Feéjer, one of the strongest mathematicians 
in Hungary, was burned out by the age of thirty. “He still 
did very good things, but he felt that he didn’t have any 
significant new ideas,” said Erddés. “When he was sixty, he 
had a prostate operation and after that he didn’t do very 
much. Then he was on an even keel for fifteen or sixteen 
years, and then he became senile. There was some distur- 
bance of the circulation. It was very sad because he knew 
he was senile and he said things like, ‘Since I became a 
complete idiot....’ He was very well kept in the hospital 
but died of a stroke in 1959.” 

When Paul Turan, his closest friend, with whom he 
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had written thirty papers, died in 1976, Erdés had an image 
of the SF assessing the work he had done with his collab- 
orators. On one side of a balance the SF would place the 
papers Erdés had co-authored with the dead; on the other 
side the papers written with the living. “When the dead 
side tips the balance,” Erdés said, “I must die too.” He 
paused for a moment and then added, “It’s just a joke of 
mine.” 

Perhaps. But for decades Erdés vigorously sought out 
new, young collaborators and ended many working ses- 
sions with the remark, “We’ll continue tomorrow if I 
live.” With 485 co-authors, Erdés collaborated with more 
people than any other mathematician in history. Those 
lucky 485 are said to have an Erdés number of 1, a cov- 
eted code phrase in the mathematics world for having 
written a paper with the master himself. If your Erdés 
number is 2, it means you have published with someone 
who has published with Erdés. If your Erdés number is 
3, you have published with someone who has published 
with someone who has published with Erdés. Einstein 
had an Erdéds number of 2, and the highest known Erdés 
number of a working mathematician is 7. The great un- 
washed who have never written a mathematical paper 
have an Erdéds number of o. 

“I was told several years ago that my Erdés number 
was 7,” Caspar Goffman at Purdue wrote in 1969. But “it 
has recently been lowered to 3. Last year I saw Erdés in 
London.... When [ told him the good news that my Erdés 
number had just been lowered, he expressed regret that he 
had to leave London that same day. Otherwise an ultimate 
lowering might have been accomplished.” 

With Erdés’s death, the No. 1 Club’s membership will 
hardly grow, except for the admission of a few stragglers 
who had joint papers with him in the works that should 
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be published soon. “When these papers come out,” said 
Graham; “we'll scrutinize them carefully to make sure no 
one is pretending to have worked with Erdés.” And those 
who could have worked with him but didn’t are having 
regrets. “One evening in the seventies,” recalled MIT 
mathematician Gian-Carlo Rota, “I mentioned to Paul a 
problem in numerical computation I was working on. 
Instantly, he gave me a hint that eventually led to the 
complete solution. We thanked him for his help in the 
introduction to our paper, but I will always regret not 
having included his name as a co-author. My Erdés number 
will now permanently remain equal to two.” 

The mathematical literature 1s peppered with tongue- 
in-cheek papers probing the properties of Erdés numbers, 
and Jerrold Grossman at Oakland University in Roches- 
ter, Michigan, runs an Internet site, called the Erdés 
Number Project, which tracks the coveted numbers. One 
of Erdés’s specialties was graph theory. By a graph, math- 
ematicians -don’t mean the kind of chart Ross Perot 
waved at the TV cameras. They mean any group of 
points (“vertices” is the lingo) connected by lines 
(“edges”). So a triangle, for example, is a graph with 
three vertices and three edges. Now take Erdés’s 485 col- 
laborators and represent them by 485 points on a sheet of 
paper. Draw an edge between any two points whenever 
the corresponding mathematicians published together. 
The resulting graph, which at last count had 1,381 edges, 
is the Collaboration Graph. 

Some of Erdés’s colleagues have published papers about 
the properties of the Collaboration Graph, treating it as if 
it were a real mathematical object. One of these papers 
made the observation that the graph would have a certain 
very interesting property if two particular points had an 
edge between them. To make the Collaboration Graph 
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have that property, the two disconnected mathematicians 
immediately got together, proved something trivial, and 
wrote up a joint paper. 

“T wrote a paper once about the Collaboration Graph,” 
said Graham, “that filled, I claumed, a much-needed gap 
in the mathematical literature. Well, 1f the gap was 
much needed, J shouldn’t have written the paper!” There 
is a tradition of writing these papers under pseudonyms. 
“Tve used the name Tom Odda,” said Graham. Tom 
Odda? “Look it up in Maledicta, the Journal of Verbal 
Aggression,’ said Graham. “You'll find it under Mandarin 
terms of abuse. Tom Odda means your mother’s 
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where the blank is too unmentionable even for Waledicta 
to fill in.”’ 


Though he was confident of his skill in mathematics, out- 
side that arcane world Erddés was very nearly helpless. After 
his mother’s death, the responsibility of looking after him 
fell chiefly to Ronald Graham, who spent almost as much 
time in the 1980s handling Erdés’s affairs as he did over- 
seeing the seventy mathematicians, statisticians, and com- 
puter scientists at AT&T Bell Labs. Graham was the one 
who called Washington when the SF stole Erdés’s visa; and 
during Erdés’s last few years, he said, “the SF struck with 
increasing frequency.” Graham also managed Erdés’s 
money, and was forced to become an expert on currency 
exchange rates because honoraria from Erddés’s lectures 
dribbled in from four continents. “I signed his name on 
checks and deposited them,” Graham said. “I did this so 
long I doubt the bank would have cashed a check if he had 
endorsed it himself.” 

On the wall of Graham’s old office, in Murray Hill, 
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New Jersey, was a sign: ANYONE WHO CANNOT COPE WITH 
MATHEMATICS IS NOT FULLY HUMAN. AT BEST HE IS A TOL- 
ERABLE SUBHUMAN WHO HAS LEARNED TO, WEAR SHOES, 
BATHE, AND NOT MAKE MESSES IN THE HOUSE. Near the 


? 


sign was the “Erdés Room,” a closet full of filing cabinets 
containing copies of more than a thousand of Erddés’s arti- 
cles. “Since he had no home,” Graham said, “he depended 
on me to keep his papers, his mother having done it earlier. 
He was always asking me to send some of them to one 
person or another.” Graham also handled all of Erdds’s in- 
coming correspondence, which was no small task, because 
many of Erdés’s mathematical collaborations took place by 
mail. He sent out 1,500 letters a year, few of which dwelt 
on subjects other than mathematics. “I am in Australia,” a 
typical letter began. “Tomorrow I leave for Hungary. Let 
k be the largest integer... .” 

Graham had less success influencing Erdés’s health. 
“He badly needed a cataract operation,” Graham said. “I 
kept trying to persuade him to schedule it. But for years 
he refused, because he’d be laid up for a week, and he 
didn’t want to miss even seven days of working with math- 
ematicians. He was afraid of being old and helpless and 
senile.” Like all of Erdés’s friends, Graham was concerned 
about his drug-taking. In 1979, Graham bet Erdés $500 that 
he couldn’t stop taking amphetamines for a month. Erdés 
accepted the challenge, and went cold turkey for thirty 
days. After Graham paid up—and wrote the $500 off as a 
business expense—Erdés said, “You’ve showed me I’m not 
an addict. But I didn’t get any work done. I’d get up in 
the morning and stare at a blank piece of paper. I’d have 
no ideas, just like an ordinary person. You’ve set mathe- 
matics back a month.” He promptly resumed taking pills, 
and mathematics was the better for it. 

In 1987 Graham built an addition onto his house in 
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Watchung, New Jersey. so that Erdés would have his 
own bedroom, bathroom, and library for the month or so 
he was there each year. Erddés liked staying with Graham 
because the household contained a second strong mathe- 
matician. Graham's wife. Fan Chung. a Taiwanese enu- 
gre who today is a professor at the University of 
Pennsylvania. When Graham wouldnt play with him. 
Chung would. and the two co-authored thirteen papers. 
the first in 1979. 

Back in the early 1950s, Erdés started spurrimg on his 
collaborators by putting out contracts on problems he 
wasn't able to solve. By 1987, the outstanding rewards to- 
taled about $15,000 and ranged from $10 to $5,000, re- 
flecting his judgment of the problems difficulty. “Ive 
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had to pay out three or four thousand dollars.” Erdés said 
then. “Someone once asked me what would happen if all 
the problems were solved at once. Could I pay? Of course 
I couldn't. But what would happen to the strongest bank 
if all the creditors asked for their monev back? The bank 
would surely go broke. And a run on the bank is muct 
more likely than solutions to all my problems.” Now that 
he’s gone. Graham and Chung have decided to pay the 
cash prizes themselves for Erdés’s problems in graph the- 
ory, about which they have published a book. More than 
one hundred graph theory problems have a contract on 
them, for a total of more than $10,000. Andrew Beal. a 
Dallas banker and amateur mathematician. has offered to 
help bankroll Erddés’s problems in other fields. 

Graham and Erdés would seem an unlikely pair. Al- 
though Graham is one of the world’s leading mathemati- 
qians, he did not, hke Erdds, forsake body for mind. 
Indeed, he continues to push both to the limit. At six foot 
two, with blond hair, blue eyes, and chiseled features, 
Graham looks at least a decade vounger than his sixty- 
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two years. He can juggle six balls and is a past president 
of the International Jugglers Association. He is an accom- 
plished trampolinist, who put himself through college as 
a circus acrobat. (“Trampolining is just like juggling,” 
said Graham, exhibiting a mathematician’s tendency to 
generalize, “only there’s just one object to juggle—your- 
self.”) He has bowled two 300 games, is vicious with a 
boomerang, and more than holds his own at tennis and 
Ping-Pong. 

While Erdés could sit for hours, Graham is always 
moving. In the middle of solving a mathematical problem 
he’ll spring into a handstand, grab stray objects and juggle 
them, or jump up and down on the super-springy pogo stick 
he keeps in his office. “You can do mathematics anywhere,” 
Graham said. “I once had a flash of insight into a stubborn 
problem in the middle of a back somersault with a triple 
twist on my trampoline.” 

“If you add up Ron’s mathematical theorems and his 
double somersaults,” one of his colleagues said, “‘he’d surely 
have a record.” Graham, in fact, does hold a world record— 
one no less peculiar. He was cited in The Guinness Book of 
World Records for coming up with the largest number ever 
used in a mathematical proof. The number is incompre- 
hensibly large. Mathematicians often try to suggest the 
magnitude of a large number by likening it to the number 
of atoms in the universe or the number of grains of sand 
in the Sahara. Graham’s number has no such physical an- 
alogue. It can’t even be expressed in familiar mathematical 
notation, as, say, the number 1 followed by a zillion zeroes. 
To cite it, a special notation had to be invoked in which 
exponents are heaped on exponents to form a staggering 
leaning tower of digits. 

Besides staying on the cutting edge of mathematics 
and acrobatics, Graham found time to learn Chinese and 
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take up the piano. Neither his wife nor his coworkers 
understand how he does it. “It’s easy,” Graham said. 
“There are a hundred and sixty-eight hours in every 
week.” 

Erdés and Graham met in 1963 in Boulder, Colorado, 
at a conference on number theory, and immediately be- 
gan collaborating, writing twenty-seven papers and one 
book together. That meeting was also the first of many 
spirited athletic encounters the two men had. “I remem- 
ber thinking when we met that he was kind of an old 
guy,’ Graham said, “and I was amazed that he beat me 
at Ping-Pong. That defeat got me to take up the game 
seriously.” Graham bought a machine that served Ping- 
Pong balls at very high speeds and went on to become 
Ping-Pong champion of Bell Labs. Even when Erdés was 
in his eighties, they still played occasionally. “Paul loved 
challenges,” said Graham. “I’d give him nineteen points 
and play sitting down. But his eyesight was so bad that I 
could just lob the ball high into the air and he’d lose 
track of it.” 

In later years Erdés came up with novel athletic con- 
tests at which he’d seem to have more of a chance, though 
he invariably lost. “Paul liked to imagine situations,” Gra- 
ham said. “For example, he wondered whether I could 
climb stairs twice as fast as he could. We decided to see. I 
ran a stopwatch as we both raced up twenty flights in an 
Atlanta hotel. When he got to the top, huffing, I punched 
the stopwatch but accidentally erased the times. I told him 
we'd have to do it again. ‘We’re not doing it again,’ he 
growled, and stormed off. 

“Another time, in Newark Airport, Erdéds asked me 
how hard it was to go up a down escalator. I told him it 
could be done, and I demonstrated. “That was harder 
than I thought,’ I said. “That looks easy,’ he said. ‘’m 
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sure you couldn’t do it,’ I said. “That’s ridiculous,’ he said. 
‘Of course I can.’ Erdés took about four steps up the es- 
calator and then fell over on his stomach and slid down 
to the bottom. People were staring at him. He was wear- 
ing this ratty coat and looked like he was a wino from 
the Bowery. He was indignant afterward. ‘I got dizzy,’ he 
said.” 

Erdés and Graham were like an old married couple, 
happy as clams but bickering incessantly, following scripts 
they knew by heart though they were baffling to outsiders. 
Many of these scripts centered on food. When Erdés was 
feeling well, he got up about 5:00 A.M. and started banging 
around. He’d like Graham to make him breakfast, but Gra- 
ham thought he should make his own. Erdés loved grape- 
fruit, and Graham stocked the refrigerator when he knew 
Erd6s was coming. On a visit in the spring of 1987, Erdés, 
as always, peeked into the refrigerator and saw the fruit. 
In fact, each knew that the other knew that the fruit was 
there. 

“Do you have any grapefruit?” Erdés asked. 

“J don’t know,” Graham replied. “Did you look?” 

“T don’t know where to look.” 

“How about the refrigerator?” 

‘Where in the refrigerator?” 

“Well, just look.” 

Erdés found a grapefruit. He looked at it and looked at 
it and got a butter knife. “It can’t be by chance,” Graham 
explained, “that he so often used the dull side of the knife, 
trying to force his way through. It'll be squirting like mad, 
all over himself and the kitchen. I'd say, “Paul, don’t you 
think you should use a sharper knife?’ He’d say, ‘It doesn’t 
matter,’ as the juice shoots across the room. At that point 
I give up and cut it for him.” 
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Graham was not the only one who had to put up with 
Erdés’s kitchen antics. “Once I spent a few days with Paul,” 
said Janos Pach, a fellow Hungarian émigré. “When [| en- 
tered the kitchen in the evening, I was met with a horrible 
sight. The floor was covered by pools of blood-lke red liq- 
uid. The trail led to the refrigerator. | opened the door, 
and to my great surprise saw a carton of tomato juice on 
its side with a gaping hole. Paul must have felt thirsty and, 
after some reflection, decided to get the juice out of the 
carton by stabbing it with a big knife.” 

In mathematics, Erdés’s style was one of intense curi- 
osity, a style he brought to everything else he confronted. 
Part of his mathematical success stemmed from his will- 
ingness to ask fundamental questions, to ponder critically 
things that others had taken for granted. He also asked 
basic questions outside mathematics, but he never remem- 
bered the answers, and asked the same questions again and 
again. He’d point to a bowl of rice and ask what it was 
and how it was cooked. Graham would pretend he didn’t 
know; others at the table would patiently tell Erdés about 
rice. But a meal or two later Erdés would be served rice 
again, act as though he’d never seen it, and ask the same 
questions. 

Erdés’s curiosity about food, ike his approach to so 
many things, was merely theoretical. He never actually 
tried to cook rice. In fact, he never cooked anything at all, 
or even boiled water for tea. “I can make excellent cold 
cereal,” he said, “and I could probably boil an egg, but I’ve 
never tried.” He was twenty-one when he buttered his first 
piece of bread, his mother or a domestic servant having 
always done it for him. “I remember clearly,” he said. “I 
had just gone to England to study. It was teatime, and 
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bread was served. I was too embarrassed to admit that I 
had never buttered it. I tried. It wasn’t so hard.” Only ten 
years before, at the age of eleven, he had tied his shoes for 
the first time. _ 

His curiosity about driving was legendary in the math- 
ematics community, although you never found him behind 
the wheel. He didn’t have a license and depended on a 
network of friends, known as “Uncle Paul sitters,” to chauf- 
feur him around. But he was constantly asking what street 
he was on and questioning whether it was the right one. 
‘He was not a nervous wreck,’ Graham said. “He just 
wanted to know. Once he was driving with Paul Turan’s 
widow, Vera Sos. She had just learned to drive, and Paul 
was doing his usual thing, ‘What about this road?’ ‘What 
about that road?’ ‘Shouldn’t we be over there?’ Vera was 
distracted and she plowed into the side of a car that must 
have been going forty or fifty miles an hour. She totaled 
it, and vowed that she would never drive with Erdés 
again.” 

But outside mathematics, Erdés’s inquisitiveness was 
limited to necessities like eating and driving; he had no 
time for frivolities like sex, art, fiction, or movies. Erddés last 
read a novel in the 1940s, and it was in the 1950s that he 
apparently saw his last movie, Cold Days, the story of an 
atrocity in Novi Sad, Yugoslavia, in which Hungarians bru- 
tally drowned several thousand Jews and Russians. Once in 
a while the mathematicians he stayed with forced him to 
join their families on nonmathematical outings, but he ac- 
companied them only in body. “I took him to the Johnson 
Space Center to see rockets,” one of his colleagues recalled, 
“but he didn’t even look up.” Another mathematician took 
him to see a mime troupe, but he fell asleep before the per- 
formance started. Melvyn Nathanson, whose wife was a 
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curator at the Museum of Modern Art in New York, 
dragged Erdés there. “We showed him Matisse,” said Na- 
thanson, “but he would have nothing to do with it. After 
a few minutes we ended up sitting in the Sculpture Garden 
doing mathematics.” 
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I have wished to understand the hearts of men. 
I have wished to know why the stars shine. 
And I have tried to apprehend the Pythagorean 
power by which number holds sway above the 
flux. 


—Bertrand Russell 


The mathematician’s patterns, like the painter’s 
or the poet’s, must be beautiful; the ideas, like 
the colours or the words, must fit together in a 
harmonious way. Beauty is the first test: there 
is no permanent place in the world for ugly 
mathematics. ...It may be very hard to define 
mathematical beauty, but that is just as true of 
beauty of any kind—we may not know quite 
what we mean by a beautiful poem, but that 
does not prevent us from recognizing one when 
we read it. 


—G.H. Hardy 


Krdés was a mathematical monk. He renounced physical 
pleasure and material possessions for an ascetic, contempla- 
tive life, a life devoted to a single narrow mission: uncov- 
ering mathematical truth. What was this mathematics that 
could possibly be so diverting and consuming? 
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“There’s an old debate,” Erdés said, “about whether you 
create mathematics or just discover it. In other words, are 
the truths alréady there, even if we don’t yet know them? 
If you believe in God, the answer is obvious. Mathematical 
truths are there in the SF’s mind, and you just rediscover 
them. Remember the lhmericks: 


There was a young man who said, ‘God, 
It has always struck me as odd 

That the sycamore tree 

Simply ceases to be 

When there’s no one about in the quad.’ 


‘Dear Sir, Your astonishment’s odd; 
I am always about in the quad: 
And that’s why the tree 

Will continue to be, 

Since observed by, 

Yours faithfully, God.’ 


“T’m not qualified to say whether or not God exists,” 
Erdés said. “I kind of doubt He does. Nevertheless, I’m 
always saying that the SF has this transfinite Book—trans- 
finite being a concept in mathematics that is larger than 
infinite—that contains the best proofs of all mathematical 
theorems, proofs that are elegant and perfect.” The strong- 
est compliment Erdos gave to a colleague’s work was to say, 
“It’s straight from the Book.” 

“T was once introducing Erdés at a lecture,” said Joel 
Spencer, a mathematician at New York University’s Cour- 
ant Institute who began working with Erdos in 1970. “And 
I started to talk about his idea of God and the Book. He 
interrupted me and said, ‘You don’t have to believe in God, 
but you should believe in the Book.’ Erdés has made me 
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and other mathematicians recognize the importance of 
what we do. Mathematics is there. It’s beautiful. It’s this 
jewel we uncover.” 

That mathematics could be a jewel might come as a 
surprise to those who struggled with multiplication tables 
as kids and now need help completing income tax forms. 
Mathematics is a misunderstood and even maligned disci- 
pline. It’s not the brute computations they drilled into us 
in grade school. It’s not the science of reckoning. Mathe- 
maticians do not spend their time thinking up cleverer 
ways of multiplying, faster methods of adding, better 
schemes for extracting cube roots. 


When I was in grade school, I thought mathematics was 
about brute computation—although I confess that I liked 
computation because I was good at it. My math teacher 
would ask two of us to stand. Then she would pose an 
arithmetic problem that we would race to solve in our 
heads. The first to blurt out the correct answer would re- 
main standing and the loser would sit down. A challenger 
would then rise, and the teacher would pose another prob- 
lem. This went on for the entire class. More often than not 
I remained standing the whole time. (By junior high 
school, however, my interest in computation had taken a 
backseat to another subject with an equally rigid set of 
rules: chess. I played it day and night, with others and by 
myself. For a few years I was as obsessed with chess as 
Erdés was with math—I played out chess games move for 
move in my sleep—but unfortunately I didn’t have any- 
where near the results Erdés had.) 

My first job after college was at Scientific American, 
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and for a short while I found myself editing Martin 
Gardner’s well-known “Mathematical Games” column. 
Gardner was ‘somewhat of a recluse who seldom came 
into the office» but from his writings I learned that 
mathematics was much more than arithmetic. I remem- 
ber being captivated by the head-spinning idea that there 
were infinities larger than infinity. Through Scientific 
American I met Ronald Graham in 1980 and through 
Graham I met Erddés several years later. Their devotion 
to mathematics was infectious, and how they did mathe- 
matics defied the stereotype of the asocial genius. Neither 
one holed himself up in a musty study, proving and con- 
jecturing with no other souls around. For Erdés and Gra- 
ham, mathematics was a group activity. I watched them 
argue passionately about mathematical ideas, as I had 
seen them fight about grapefruit. 

I wanted to understand their world. I sought out people 
with an Erd6s number 1. I talked to the spouses. I slept in 
Erdés’s bedroom in Graham’s house (I’m not sure what I 
expected but the experience did nothing to improve my 
mathematical ability). I immersed myself in the history of 
mathematical ideas. I studied Pythagoras, Newton, Fermat, 
Gauss, Hilbert, Einstein, and Gédel. I read mathematical 
memoirs, pored over Erdés’s correspondence, peeked in his 
lone suitcase, and conversed with him at various times over 
the period of a decade. I grew fond of him, laughed at his 
silly quips, and came to appreciate why he saw mathe- 
matics as the search for lasting beauty and ultimate truth. 
It was a search, I learned, that he never lost sight of even 
when his life was torn asunder by major political dramas 
of the twentieth century—the Communist revolutions in 
Hungary, the rise of Fascism and anti-Semitism in Europe, 
World War II, the Cold War, McCarthyism. Mathematics 
was his anchor in a world that he regarded as cruel and 
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heartless, although he believed in the goodness and inno- 
cence of ordinary individuals. “The game of life,” Erdés 
often said, “is to keep the SF’s score low. If you do some- 
thing bad in life, the SF gets two points. If you don’t do 
something good that you should have done, the SF gets one 
point. You never score, so the SF always wins.” But the aim 
of life, he emphasized, is to prove and conjecture. “Math- 
ematics is the surest way to immortality. If you make a big 
discovery in mathematics, you will be remembered after 
everyone else will be forgotten.” 


Even people drawn to mathematics have had misconcep- 
tions about its scope. “I always wanted to be a mathe- 
matician,’ Spencer said, “even before I knew what 
mathematicians did. My father was a CPA, and I loved 
numbers. I thought mathematics was about adding up 
longer and longer lists. I found out what it really was in 
high school. ’'d undoubtedly be a lot richer now if I were 
making my living adding up long lists of numbers.” 
Janos Pach, now a geometer at New York University, 
remembers as a child watching his aunt Vera Sos and Paul 
Turan work together with Erdés in the late 1950s at a 
guesthouse of the Hungarian Academy of Sciences: “When 
the grown-ups went for a walk, or played Ping-Pong, or 
were having coffee, and the scene became quiet, I sneaked 
over to the table to catch a glance at ‘higher mathematics,’ 
1.e., at the notes scattered on the-table. I was astonished 
when | first saw the end-product of their work: strange 
letters, numbers, signs, arrows, scribble-scrabble....I had 
no doubt that the Laws of the Universe were written in 
this mysterious language. Otherwise, how could mathe- 
matical problems spark such enthusiasm in these brilliant 
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and famous people!” Pach was also drawn to mathematics 
because of the air of success of these grown-ups. They 
“traveled all over the world. They lectured at every im- 
portant university from Beijing to Calgary. They had a 
worldly air about them. They owned fine tweed jackets, 
listened to pocket radios, and wore shoes that required no 
laces! Such things do not escape a teenager’s attention.” 

But such things did not impress Erdés’s cousin Magda 
Fredro, who hadn’t the slightest idea what he did, even 
though she knew him for most of his life and accompanied 
him on mathematical sojourns from Florida to Israel. “Tell 
me, what is this about?” she asked me, flipping through 
her copy of Erdés’s book The Art of Counting. “It looks like 
Chinese. Also, tell me, how famous and brilliant is he? I 
know so little about him. He once looked up six phone 
numbers. Then we talked for half an hour before he 
phoned them all, from memory. More than all his scientific 
work, that impressed me.” 

Mathematics, 1n its abstractness and observation of for- 
mal rules, has been likened to chess. Both activities demand 
of their practitioners deep concentration, the tuning out of 
one’s surroundings to focus on the formal structure at hand, 
and a kind of “can-do” mindset. “It is most important in 
creative science not to give up,” said the Polish-born math- 
ematician Stanislaw Ulam. “If you are an optimist you will 
be willing to ‘try’ more than if you are a pessimist. It is 
the same in games like chess. A really good chess player 
tends to believe (sometimes mistakenly) that he holds a 
better position than his opponent. This, of course, helps to 
keep the game moving and does not increase the fatigue 
that self-doubt engenders.” 

But analogies to chess should only be pushed so far. “A 
chess problem is genuine mathematics, but it is in some 
way ‘trivial’ mathematics,” wrote the number theorist G. H. 
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Hardy in his classic book 4A Mathematician’s Apology. 
‘However ingenious and intricate, however original and 
surprising the moves, there is something essential lacking. 
Chess problems are unimportant. The best mathematics is 
serious as well as beautiful.” And it should be emphasized 
that “no chess problem has ever affected the general de- 
velopment of scientific thought; Pythagoras, Newton, Ein- 
stein have in their times changed its whole direction.” 

For Erdés, Graham, and their colleagues, mathematics 
is order and beauty at its purest, order that transcends the 
physical world. When Euclid, the Greek geometer of the 
third century B.C., spoke of points and lines, he was speak- 
ing of idealized entities, points that have no dimension and 
lines that have no width. All points and lines that exist in 
the real world—in, say, physics or engineering—do have 
dimension and thus are only imperfect imitations of the 
pure constructs that geometers ponder. Only in this ideal- 
ized world do the angles of every triangle always sum to 
precisely 180 degrees. 

Numbers, too, can have a transcendent quality. Take 
the prime numbers, integers like 2, 3, 5, 7, 11, 13, and 17, 
which are evenly divisible only by themselves and the 
number 1. We happen to have ten fingers, and our number 
system is conveniently based on ten digits. But the same 
primes, with all the same properties, exist in any number 
system. If we had twenty-six fingers and constructed our 
number system accordingly, there would still be primes. 
The universality of primes is the key to Carl Sagan’s novel 
Contact, in which extraterrestrials, with God only knows 
how many fingers, signal Earthlings by emitting radio sig- 
nals that have a prime number of pulses. But little green 
men need not be invoked in order to conceive of a culture 
that doesn’t use base 10. We have had plenty here on Earth. 
Computers use a binary system, and the Babylonians had 
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a base-60 system, vestiges of which are evident in the way 
we measure time (sixty seconds in a minute, sixty minutes 
in an hour). Cumbersome as this sexagesimal system was, 
it, too, contains the same primes. So does the octary system 
that Reverend Hugh Jones, a mathematician at the College 
of William and Mary, championed in the eighteenth cen- 
tury as more natural for women than base-10 because of 
women’s experience in the kitchen working with multiples 
of 8 (16 ounces in a quart, 16 ounces in a pound). 

Numbers, Hardy believed, constituted the true fabric of 
the universe. In an address to a group of physicists in 1922, 
he took the provocative position that it is the mathemati- 
cian who is in “much more direct contact with reality. This 
may seem a paradox, since it is the physicist who deals 
with the subject-matter usually described as ‘real.’” But 
‘a chair or a star is not in the least like what it seems 
to be; the more we think of it, the fuzzier its outlines be- 
come in the haze of sensation which surrounds it; but ‘2’ 
or ‘317’ has nothing to do with sensation, and its properties 
stand out the more clearly the more closely we scrutinize 
it...317 is a prime, not because we think so, or because 
our minds are shaped in one way rather than another, but 
because it is so, because mathematical reality is built that 
way.” 

Prime numbers are like atoms. They are the building 
blocks of all integers. Every integer is either itself a prime 
or the product of primes. For example, 11 is a prime; 12 is 
the product of the primes 2, 2, and 3; 13 is a prime; 14 is 
the product of the primes 2 and 7; 15 is the product of the 
primes 3 and 5; and so on. Some 2,300 years ago, in prop- 
osition 20 of Book IX of his Elements, Euclid gave a proof, 
“straight from the Book,” that the supply of primes is in- 
exhaustible. 

(Assume, said Euclid, that there is a finite number of 
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primes. Then one of them, call it P, will be the largest. 
Now consider the number Q, larger than P, that is equal 
to the product of the consecutive whole numbers from 2 to 
P plus the number 1. In other words, Q@= (2X3 X4... 
xX P) + 1. From the form of the number Q, it is obvious 
that no integer from 2 to P divides evenly into it; each 
division would leave a remainder of 1. If Q is not prime, 
it must be evenly divisible by some prime larger than P. 
On the other hand, if Q is prime, Q itself is a prime larger 
than P. Either possibility implies the existence of a prime 
larger than the assumed largest prime P. This means, of 
course, that the concept of “the largest prime” is a fiction. 
But if there’s no such beast, the number of primes must be 
infinite. “Euclid alone,” wrote Edna St. Vincent Millay, 
“has looked on Beauty bare.’’) 

As of this writing, the largest known prime is a 
909,526-digit number formed by raising 2 to the 3,021,377th 
power and subtracting 1. The prime was found on January 
27, 1998, by the GIMPS project (Great Internet Mersenne 
Prime Search), in which 4,000 “primees” (prime-number 
groupies) communicated over the Internet and pooled their 
computers for the hunt. Each of the 4,000 computers was 
assigned an interval of numbers to check. Roland Clarksen, 
a 19-year-old sophomore at California State University 
Dominguez Hills, was the lucky primee whose 200 Mhz 
Pentium-based home PC, after 46 days of running part- 
time, examining the numbers in his assigned interval, 
proved the primality of 2%°7!977 — 1, 

The hunt for large primes has come a long way since 
the seventeenth century, when Marin Mersenne, a Parisian 
monk, took time out from his monastic duties to search 
for primes. A number like 2*°13’7 — 1 that is of the form 
2” — 1 is said to be a Mersenne number. For a Mersenne 
number to be prime, 7 itself must be prime. Thus, since 
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29071377 — 1 is prime, 3,021,377 must also be prime. But n 
being prime does not guarantee that the corresponding 
Mersenne number is prime. When 7 takes on the first four 
prime numbers, Mersenne primes are indeed generated: 


For n = 2, 2?-1=3 
Forn=3,2?-1=7 
For n= 5, 2°-1=31 
For n = 7, 2’ — 1 = 127 


But when nv is the fifth prime number, 11, the correspond- 
ing Mersenne number proves to be composite (2'!— 1 is 
2,047, whose prime factors are 23 and 89). In 1644, Mer- 
senne himself claimed that when n took on the values of 
the sixth, seventh, and eighth prime numbers, namely, 13, 
17, and 19, the corresponding Mersenne numbers, 2'* — 1 
(or 8,101), @!7 —& Gor 131,071) amd 2” — @ (or 624,267) 
were primes. He was right. 

The monk also made the bold claim that 2°’ — 1 was 
prime. The claim was not disputed for more than 250 years. 
Then, in 1903, Frank Nelson Cole of Columbia University 
delivered a talk with the unassuming title “On the Factor- 
ization of Large Numbers” at a meeting of the American 
Mathematical Society. “Cole—who was always a man of 
very few words—walked to the board and, saying nothing, 
proceeded to chalk up the arithmetic for raising 2 to the 
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sixty-seventh power,” recalled Eric Temple Bell, who was 
in the audience. “Then he carefully subtracted 1 [getting 
the 21-digit monstrosity 147,573,952,589,676,412,927 |. 
Without a word he moved over to a clear space on the 


board and multiplied out, by longhand, 


193;7079724 X 7614858,257,287 
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“The two calculations agreed. Mersenne’s conjecture— 
if such it was—vanished into the limbo of mathematical 
mythology. For the first... time on record, an audience of 
the American Mathematical Society vigorously applauded 
the author of a paper delivered before it. Cole took his seat 
without having uttered a word. Nobody asked him a ques- 
tion.” 

Prime numbers are elusive because no formula like 
Mersenne’s 2” — 1 generates only primes. The technique 
the GIMPS project uses isn’t much more sophisticated than 
a 2,000-year-old method called “the sieve of Eratosthenes,” 
invented by Eratosthenes of Alexandria, whose nickname 
was “Beta” because he was said to be at least second best 
in everything, from geometry to drama. The idea of the 
sieve is simple. List consecutive positive integers starting 
with 2. Then cross off all multiples of the first prime, 2. 
What’s left is the next prime, 3. Now cross off all multiples 
of 3. What’s left is the next prime, 5. Now cross off all 
multiples of 5. Each successive “sieving” catches another 
prime. 

For generations of mathematicians, prime numbers 
have always had an almost mystical appeal. “I even know 
of a mathematician who slept with his wife only on prime- 
numbered days,’ Graham said. “It was pretty good early in 
the month—two, three, five, seven—but got tough toward 
the end, when the primes are thinner, nineteen, twenty- 
three, then a big gap till twenty-nine. But this guy was 
seriously nuts. He’s now serving twenty years in the Oregon 
State Penitentiary for kidnapping and attempted murder.” 

Prime numbers are appealing because, in spite of their 
apparent simplicity, their properties are extremely elusive. 
All sorts of basic questions about them remain unanswered, 
even though they have been scrutinized by generations of 
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the sharpest mathematical minds. In 1742, for example, 
Christian Goldbach conjectured that every even number 
greater than 2 as the sum of two primes: 


— +e 

=313 
5 aS 
ci 
12=7+5 
144=7+7 


and so on. 

“Descartes actually discovered this before Goldbach,” 
said Erdos, “but it is better that the conjecture was named 
for Goldbach because, mathematically speaking, Descartes 
was infinitely rich and Goldbach was very poor.” With the 
aid of computers, twentieth-century mathematicians have 
shown that all even numbers up to 100 million can be 
expressed as the sum of two primes, but they have not been 
able to prove that Goldbach’s simple conjecture is univer- 
sally true. Similarly, computer searches have revealed nu- 
merous twin primes, pairs of consecutive odd numbers both 
of which are prime: 3 and 5, 5 and 7, 11 and 13, 71 and 
73, 1,000,000,000,061 and 1,000,000,000,063. Number the- 
orists believe that the supply of twin primes is inexhaust- 
ible, like the supply of primes themselves, but no one has 
been able to prove this. On an even deeper level, no one 
has found an easy way of telling in advance how far one 
prime number will be from the next one. 

That the gaps between primes have no known pattern 
served as a welcome distraction for the journalist Roger 
Cooper when he was kept in solitary confinement in Iran 
for several years in the 1980s: “Between interrogations, al- 
ways blindfolded and accompanied by slaps and punches 
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when I refused to confess to being a British spy, I tried to 
find ways of amusing myself without books. I made a back- 
gammon set with dice of bread, and evolved a maths sys- 
tem based on Roman numerals but with an apple pip for 
zero. Orange pips were units, plum stones were fives, and 
tens and hundreds were positional. This enabled me to cal- 
culate all the prime numbers up to 5,000, which I recorded 
in dead space where the door opened and could speculate 
on the anomalies in their appearance.” 


The prime numbers were Erdés’s intimate friends. He un- 
derstood them better than anyone else. “When I was ten,” 
he said, “my father told me about Euclid’s proof, and I was 
hooked.” Eight years later, as a college freshman, he caused 
a stir in Hungarian mathematics circles with a simple proof 
that a prime can always be found between any integer: 
(greater than 1) and its double. This result had already 
been proved in about 1850 by one of the fathers of Russian 
mathematics, Pafnuty Lvovitch Chebyshev. But Cheby- 
shev’s proof was too heavy-handed to be in the Book. He 
had used a steam shovel to transplant a rosebush, whereas 
Erd6s managed with a spoon. News of Erdés’s youthful tri- 
umph was spread through the English-speaking world by 
the ditty: 


Chebyshev said it, and I say it again 


There is always a prime between n and 2n 


In 1939, Erdos attended a lecture at Princeton by Mark 
Kac, a Polish émigré mathematical physicist who would 
contribute to the American development of radar during 


World War II. “He half-dozed through most of my lec- 
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ture,’ Kac recalled. “The subject matter was too far re- 
moved from his interests. Toward the end I described 
briefly my difficulties with the number of prime divisors. 
At the mention of number theory Erdés perked up and 
asked me to explain once again what the difficulty was. 
Within the next few minutes, even before the lecture was 
over, he interrupted to announce that he had the solution!” 

Erdos’s insight into primes was so keen that, on hearing 
a new problem about them, he often quickly upstaged those 
who had spent far more time thinking about it. In his 
autobiography Eye of the Hurricane, Richard Bellman tells 
the story of how he and Hal Shapiro addressed the problem 
of determining the probability that two numbers are “rel- 
atively prime” (meaning that they have no common divi- 
sors larger than 1). They wrote up their solution and 
submitted the manuscript to the Transactions of the Amer- 
ican Mathematical Society. “Unfortunately, the editor, A. A. 
Albert, had gone off to Brazil for six months and left the 
journal in the hands of Kaplansky. Our paper was refereed 
by Erdés who accepted it. Kaplansky, however, asked Erddés 
whether he couldn’t get a better proof than ours. Erdés 
supplied one, and Kaplansky transmitted it to us. We wrote 
back, pointing out if Erddés’s proof was written up in the 
same detail as ours it would be just as long. Kaplansky 
persisted, and Erdés supplied a very elegant shorter proof. 
Kaplansky suggested then a joint paper. I refused, saying 
that we would add Erdés’s paper as an appendix if he 
desired.” 

The stalemate remained for a month, until, Bellman 
recalled, “Shapiro came to me very disturbed. He had gone 
to various parties and it seems that Erdés had gone around 
the country saying that we were stealing our result from 
him.” Shapiro and Bellman then wrote to Kaplansky, re- 
tracting the paper. Several weeks later they got a letter 
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from Kaplansky, saying that the type had been destroyed 
and billing them $300 for the typesetting. Shapiro and Bell- 
man refused to pay the bill. By that time Albert had re- 
turned and fired off “a vitriolic letter” threatening Bellman 
and Shapiro with expulsion from the American Mathe- 
matical Society if they did not pay up. “I have often 
thought of the expulsion ceremony,’ Bellman wrote. “I 
think our pencils would be broken in front of us.” 

At this point, Bellman appealed to Lefschetz, offering 
an eloquent argument about how the referee’s job is to 
judge the truth and significance of a result, not to improve 
it. Lefschetz ignored the subtleties of the argument and 
“wrote a letter to Albert pointing out various indiscretions 
which Albert had committed in his youth.” Albert then 
graciously backed down. Neither Bellman and Shapiro’s pa- 
per nor Erdés’s proof was ever published, which, Bellman 
noted, “is a great shame since Erdés really had an elegant 
method.” 

In 1949, Erdés had his greatest victory over the prime 
numbers, although the victory was one he didn’t like to 
talk about because it too was marred by controversy. Al- 
though mathematicians have no effective way of telling 
exactly where prime numbers he, they have known since 
the late eighteenth century of a formula that describes the 
statistical distribution of primes, how on average the primes 
thin out the further out you go. In search of such a formula, 
Carl Friedrich Gauss, arguably the greatest mathematician 
of all time, began studying tables of prime numbers in 
1792, when he was fifteen. By 1796, Johann Heinrich Lam- 
bert and Georg von Vega had published a list of all the 
primes up to 400,031, and other investigators soon extended 
the list into the millions. Gauss’s work was slow going be- 
cause he did not blindly accept the published values but 
insisted on double-checking them, an exercise that paid off 
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handsomely because he caught numerous errors. “Since I 
lacked the patience to go through the whole series syste- 
matically,” heé¢ wrote to the astronomer Johann Franz 
Encke, “I have often used a spare quarter of an hour to 
investigate a thousand numbers here and there; at last I 
gave it up altogether, without ever finishing the first mil- 
lion.... The thousand numbers between 101,000 and 
102,000 bristle with errors in Lambert’s supplement; in my 
copies I have crossed out seven numbers that are not 
primes, and in return put in two that were missing.” The 
hard work led Gauss to put forward the first formula that 
predicted the distribution of primes. Although the formula 
matched the long list of primes, Gauss never proved that 
his Prime Number Theorem was universally true. A full 
century would pass before Jacques Hadamard and Charles 
de la Vallée Poussin produced a proof. 

Like Chebyshev’s proof, the 1896 proof of the Prime 
Number Theorem depended on heavy machinery, and the 
brightest mathematical minds were convinced that the the- 
orem couldn’t be proved with anything less. Erdds and Atle 
Selberg, a colleague who was not yet well known, stunned 
the mathematics world with an “elementary” proof. Ac- 
cording to Erddés’s friends, the two agreed that they’d pub- 
lish back-to-back papers in a leading journal delineating 
their respective contributions to the proof. Erddés then sent 
out postcards to mathematicians informing them that he 
and Selberg had conquered the Prime Number Theorem. 
Selberg apparently ran into a mathematician he didn’t 
know who had received a postcard, and the mathematician 
immediately said, “Have you heard? Erdés and What’s-His- 
Name have an elementary proof of the Prime Number 
Theorem.” Reportedly, Selberg was so injured that he raced 
ahead and published without Erdés, and thus got the lion’s 
share of credit for the proof. In 1950, Selberg alone was 
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awarded the Fields Medal, the closest equivalent in math- 
ematics to a Nobel Prize, in large part for his work on the 
Prime Number Theorem. 

Priority fights are not uncommon in mathematics. Un- 
like other scientists, mathematicians leave no trail of lab- 
oratory results to substantiate who did what. Indeed, Erdés 
spent much time mediating priority fights among his clos- 
est collaborators. “When I was a graduate student,” Joel 
Spencer said, “I thought only third-rate mathematicians 
would have these fights. But it’s actually first-rate mathe- 
maticians. They’re the ones who are passionate about math- 
ematics.” If they can’t fathom what’s in the SF’s Book, they 
don’t want anyone else to. The late R. L. Moore, a strong 
Texas mathematician, put it bluntly: “I'd rather a theorem 
not be thought of than I not be the one who thinks of it.” 

Eird6és was singularly generous when it came to sharing 
mathematical ideas with his colleagues. ““He would share 
his conjectures because his goal was not to be the first to 
prove something,” said Alexander Soifer, who wrote two 
papers with him. “Rather his goal was to see that some- 
body proved 1t—with him or without him. Nobody was 
the wandering Jew as Paul was. He went around the 
world distributing his conjectures, his insights, to other 
mathematicians.” 

“Erdés contributed an enormous amount to mathemat- 
ics,’ recalled Richard Guy, a number theorist at the Uni- 
versity of Calgary. “But for me his even greater importance 
is that he created a large number of mathematicians. He 
was the problem poser par excellence. His ability to for- 
mulate problems of any level of difficulty is legendary. 
Many people can ask questions which are impossibly dif- 
ficult or trivially easy. It is given to few of us to tread the 
narrow path between triviality and unattainability. Erdés 
problems were not Hilbert problems, which took half a 
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century or more to settle. Erdés questions were always just 
right. So often, when we are fumbling with our research, 
it is because we,are not asking the right question. Many of 
Erdés’s questions have remained as outstanding but impor- 
tant problems, but most have been attacked and partially, 
or perhaps completely, solved. 

“But Erdés not only asked the right question. He asked 
them of the nght person. He knew better than you yourself 
knew what you were capable of. How many people must 
have got started on research by solving a $5.00, or maybe 
even a $1.00, Erdés problem? He gave the confidence that 
many of us needed to embark on mathematical research.” 

“He had the unique ability to identify problems which 
were just beyond what you could currently do,” said Gra- 
ham. “It’s easy to state impossible problems but he would 
state a problem whereby if you could solve this problem 
you would then know more than you knew before and open 
the door wider. It was like climbing a mountain and being 
able to drive one more piton in to be able to work your 
way up the mountain.” 

Only one mathematician in history managed to publish 
more pages of mathematics than Erdos did. In the eigh- 
teenth century, the Swiss wizard Leonhard Kuler, who 
fathered thirteen children, wrote eighty volumes of math- 
ematical results, many reportedly penned in the thirty 
minutes between the first and second calls to dinner. 
Erdés, though, set a record for coming up with good prob- 
lems and seeing that somebody solved them. 


For Erd6és, mathematics was a glorious combination of sci- 
ence and art. On the one hand, it was the science of cer- 
tainty, because its conclusions were logically unassailable. 
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Unlike biologists, chemists, or even physicists, Erdés, Gra- 
ham, and their fellow mathematicians prove things. ‘Their 
conclusions follow syllogistically from premises, in the 
same way that the conclusion “Bill Clinton is mortal” fol- 
lows from the premises “All presidents are mortal” and 
“Bill Clinton is a president.” On the other hand, mathe- 
matics has an aesthetic side. A conjecture can be “obvious” 
or “unexpected.” A result can be “trivial” or “beautiful.” A 
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proof can be “messy,” “surprising,” or, as Erdés would say, 
“straight from the Book.” In a good proof, wrote Hardy, 
“there is a very high degree of unexpectedness, combined 
with inevitability and economy. The argument takes so odd 
and surprising a form; the weapons used seem so childishly 
simple when compared with the far-reaching consequences; 
but there is no escape from the conclusions.” 

What is more, a proof should ideally provide insight 
into why a particular result is true. Consider one of the 
most famous results in modern mathematics, the Four 
Color Map Theorem, which states that no more than four 
colors are needed to paint any conceivable flat map of real 
or Imaginary countries in such a way that no two bordering 
countries have the same color. From the middle of the 
nineteenth century, most mathematicians believed that this 
seductively simple theorem was true, but for 124 years a 
parade of distinguished mathematicians and dedicated am- 
ateurs searched in vain for a proof—and a few contrarians 
looked for a counterexample. “When I started at AT&T,” 
said Graham, “there was a mathematician there named 
HK. F. Moore who was convinced that he could find a coun- 
terexample. Each day he would bring in a giant sheet of 
paper, and I mean giant, two feet by three feet, on which 
he had drawn a map with a few thousand countries. ‘I 
know this one will require five colors,’ he’d confidently 
announce in the morning and volunteer to give me a dollar 
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if it wasn’t the long-sought-after counterexample. Then 
he’d go off and spend hours coloring it. He’d come by at 
the end of the day, shake his head, and hand me a dollar. 
The next day he’d be back with another map and we'd go 
through the same thing again. It was the easiest way to 
make a buck!” 

By 1976 it was clear why Moore’s quest for a five-color 
map had come to nought. That was the year Kenneth 
Appel and Wolfgang Haken of the University of Illinois 
finally conquered this mathematical Mount Everest. When 
word of the proof of the Four Color Map Theorem reached 
college mathematics departments, instructors cut short their 
lectures and broke out champagne. Some days later they 
learned to their dismay that Appel and Haken’s proof had 
made unprecedented use of high-speed computers: more 
than 1,000 hours logged among three machines. What Ap- 
pel and Haken had done was to demonstrate that all pos- 
sible maps were variations of more than 1,500 fundamental 
cases, each of which the computers was then able to paint 
using at most four colors. The proof was simply too long 
to be checked by hand, and some mathematicians feared 
that the computer might have slipped up and made a subtle 
error. Today, more than two decades later, validity of the 
proof is generally acknowledged, but many still regard it 
as unsatisfactory. “I’m not an expert on the four-color prob- 
lem,” Erdés said, “but I assume the proof is true. However, 
it’s not beautiful. I’d prefer to see a proof that gives insight 
into why four colors are sufficient.” 

Beauty and insight—these are words that Erdés and his 
colleagues use freely but have difficulty explaining. “It’s 
like asking why Beethoven’s Ninth Symphony is beautiful,” 
Erdés said. “If you don’t see why, someone can’t tell you. 
I know numbers are beautiful. If they aren’t beautiful, 
nothing is.” 
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Pythagoras of Samos evidently felt the same way. In 
the sixth century B.C. he made a kind of religion out of 
numbers, believing that they were not merely instruments 
of enumeration but friendly, perfect, sacred, lucky, or evil. 
He worshipped whole numbers and simple fractions, the 
ratios of whole numbers. And he took his religion seriously. 
When one of his followers challenged his world view by 
discovering that a common measure, namely, the length of 
the diagonal of a unit square (the square root of 2, or V2), 
could be expressed neither as a whole number nor as a sim- . 
ple fraction, Pythagoras became distraught and swore his 
disciples to secrecy. 


Legend has it that when one of his followers subsequently 
betrayed him, Pythagoras had him executed—what Erdés 
called the “Pythagorean scandal.” 

Pythagoras certainly had his eccentricities—he was a 
vegetarian who refused to eat beans because they reminded 
him of testicles—but he got mathematics off to a solid 
footing by championing the concept of proof. He also had 
an uncanny feel for individual numbers. He considered 220 
and 284 to be friendly. His notion of a “friendly” number 
was based on the idea that a human friend is a kind of 
alter ego. Pythagoras wrote, “[A friend] is the other I, such 
as are 220 and 284.” These numbers have a special math- 
ematical property: each is equal to the sum of the other’s 
proper divisors (divisors other than the number itself). The 
proper divisors of 220 are 1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 
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and 110, and they sum to 284; the proper divisors of 284 
are 1, 2, 4, 71, and 142, and they sum to 220. 

A second pair of friendly numbers (17,296 and 18,416) 
was not discovered until 1636, by Pierre de Fermat. By the 
middle of the nineteenth century many able mathemati- 
cians had searched for pairs of friendly numbers, and some 
sixty had been found. But not until 1866 was the second 
smallest pair (1,184 and 1,210) discovered by a sixteen-year- 
old Italian schoolboy. By now hundreds of friendly num- 
bers have been discovered, but, as with twin primes, even 
today no one knows whether there are infinitely many. 
Erdos thought their supply was inexhaustible, and he wrote 
one of the earliest papers in the literature on the distri- 
bution of friendly numbers. Why it should be so much 
easier to prove that the number of primes is infinite than 
it 1s to prove that the number of friendly numbers is in- 
finite is one of the great unanswered meta-questions of 
mathematics. 

Pythagoras saw perfection in any integer that equaled 
the sum of all the other integers that divided evenly into 
it. The first perfect number is 6. It’s evenly divisible by 1, 
2, and 3, and it’s also the sum of 1, 2, and 3. The second 
perfect number is 28. Its divisors are 1, 2, 4, 7, and 14, and 
they add up to 28. During the Middle Ages, religious schol- 
ars asserted that the perfection of 6 and 28 was part of the 
fabric of the universe: God created the world in six days 
and the Moon orbits the Earth every twenty-eight days. St. 
Augustine believed that the properties of the numbers 
themselves, not any connection to the empirical world, 
made them perfect: “Six is a number perfect in itself, and 
not because God created all things in six days; rather that 
the inverse is true; God created all things in six days be- 
cause this number is perfect. And it would remain perfect 
even if the work of the six days did not exist.” 
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The ancient Greeks knew of only two perfect numbers 
besides 6 and 28: namely, 496 and 8,128. (Seventeen cen- 
turies would pass before the discovery of the fifth perfect 
number, 33,550,336.) Since the four perfect numbers the 
Greeks knew were all even, they wondered whether an odd 
perfect number exists. As of April 1998, mathematicians 
knew of thirty-seven perfect numbers, the largest having 
1,819,050 digits, and all thirty-seven were even. Kach time 
a new Mersenne prime 2” — 1 is discovered, a new even 
perfect number can be generated by multiplying 2”~' by 
it. Thus the largest known prime, 2*°'°’7 — 1, yields the 
thirty-seventh even perfect number, 2%°71976 (Q5.091577 — 1), 
Mathematicians cannot rule out the possibility that the 
thirty-eighth perfect number will be odd. Whether an odd 
perfect number exists is among the oldest unsolved prob- 
lems in mathematics. Equally daunting is the unsolved 
problem of how many perfect numbers there are. No one 
knows whether they are finite or infinite in number. 

When it comes to prime numbers and perfect numbers, 
said Erdés, “babies can ask questions that grown men can’t 
answer.” And Erdés was willing to discuss number theory 
with children and adults alike, with anyone who had an 
idea (and some who didn’t). So open was Erdés to talking 
mathematics with just about anyone that his friends joked 
he couldn’t ride on a train without proving a theorem with 
the conductor. 

In 1985, a high school senior in Hawaii named David 
Wilhamson, who was taking mathematics courses at the 
University of Honolulu, proved that if an odd perfect num- 
ber exists, it must have exactly one prime factor that, when 
divided by 4, leaves a remainder of 1. Williamson’s profes- 
sor didn’t know whether the result was original and sug- 
gested he write to the legendary Erdés, who had just come 
through town. Williamson eventually got a letter back 
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one’s first name. I doubt if he would have recognized my 
first name even though I worked with him for twenty 
years. The only person he called by his first name was Tom 
Trotter, whom he called Bill.” 

When Erdés collaborated in person, he liked to do work 
with several people at the same time. “He went around the 
room, like a grandmaster playing simultaneous chess,” said 
Bruce Rothschild, who wrote eight papers with Erdés. “It 
was very stimulating. You had some time to think while 
he worked with the others before he got back to you. And 
you had a chance to see the problems that others were 
working on.” Erdés was allowed to think about many prob- 
lems at once, but he expected his collaborators to focus on 
the problem at hand. “No illegal thinking,” he’d say when 
he sensed their minds wandering. 

Erdés’s ability to think about disparate things simul- 
taneously was legendary. Michael Golomb, who wrote a 
Joint paper with Erdos in 1955, recalled a time in the 1940s 
when he came across Erdés playing chess with a local mas- 
ter named Nat Fine, “whom Erdés could beat only rarely, 
usually by psychological warfare....I saw Nat with his 
head between his hands, deep in thought considering the 
next move, while Erdés seemed to be engrossed in studying 
a voluminous encyclopedia of medicine....I asked him, 
‘What are you doing, Paul? Aren’t you playing against Nat?’ 
His answer was, ‘Don’t interrupt me...I am proving a 
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theorem. 


One of the areas of mathematics that Erdés pioneered is a 
philosophically appealing aspect of combinatorics called 
Ramsey theory. It is the area in which Graham’s record- 
setting number comes into play. The idea behind Ramsey 
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theory is that complete disorder is impossible. ‘The appear- 
ance of disorder is really a matter of scale. Any mathe- 
matical “object” can be found if sought in a large enough 
universe. “In the TV series Cosrnos, Carl Sagan appealed to 
Ramsey theory without knowing that’s what he was doing,” 
Graham said. “Sagan said people often look up and see, 
say, eight stars that are almost in a straight line. Since the 
stars are lined up, the temptation is to think they were 
artificially put there, as beacons for an interstellar trade 
route, perhaps. Well, Sagan said, if you look at a large 
enough group of stars, you can see almost anything you 
want. That’s Ramsey theory in action.” 

In Sagan’s example, the mathematician would want to 
know the smallest group of arbitrarily positioned stars that 
will always contain eight that are nearly lined up. In gen- 
eral, the Ramsey theorist seeks the smallest “universe” 
that’s guaranteed to contain a certain object. Suppose the 
object is not eight stars in a row but two people of the 
same sex. In this case, the Ramsey theorist wants to know 
the smallest number of people that will always include two 
people of the same sex. Obviously, the answer is three. Or, 
as Graham’s colleague Daniel Kleitman put it, “Of three 
ordinary people, two must have the same sex.” 

Ramsey theory takes its name from Frank Plumpton 
Ramsey, a brilliant student of Bertrand Russell, G. E. 
Moore, Ludwig Wittgenstein, and John Maynard Keynes, 
who might well have surpassed his teachers had he not 
died of jaundice in 1930, at the age of twenty-six. While 
his brother Michael pursued the transcendent reality that 
theology offers (he became the archbishop of Canterbury), © 
Frank Ramsey, a spirited atheist, pursued the transcendent 
reality that mathematics offers. He also studied philosophy 
and economics, writing two papers on taxation and savings 
that were heralded by Keynes and are still widely cited in 
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the econemics literature. But it is eight pages of mathe- 
matics that have made him eponymous—eight pages that 
Erdés seized on and developed into a full-fledged branch 
of mathematics. Like all the problems Erdés worked on, 
Ramsey problems can be simply stated, although the so- 
lutions are often hard to come by. 

The classic Ramsey problem can be phrased in terms 
of guests at a party. What is the minimum number of 
guests that need to be invited so that either at least three 
guests will all know each other or at least three will be 
mutual strangers? Mathematicians, as is their trademark, 
are careful to articulate their assumptions. Here they as- 
sume that the relation of knowing someone is symmetric: 
If Sally knows Billy, Billy knows Sally. With this assump- 
tion in mind, consider a party of six. Call one of the guests 
David. Now, since David knows or doesn’t know each of 
the other five, he will either know at least three of them 
or not know at least three. Assume the former (the argu- 
ment works the same way if we assume the latter). Now 
consider what relationships David’s three acquaintances 
might have among themselves. If any two of the three are 
acquaintances, they and David will constitute three who 
know each other—and we have our quorum. That leaves 
only the possibility that David’s three acquaintances are all 
strangers to one another—but that achieves the quorum 
too, for they constitute three guests who do not know each 
other. To understand why a party of five is not enough to 
guarantee either three people all of whom know each other 
or three people none of whom do, ponder the case of Mi- 
chael, who knows two and only two people, each of whom 
knows a different one of the two people Michael doesn’t 
know. 

We have just written out a mathematical proof, perhaps 
not one from the Book, but a proof nonetheless. And the 
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proof provides insight into why a party of six must include 
at least three mutual acquaintances or three mutual strang- 
ers. Another way to prove this is by brute force, listing all 
conceivable combinations of acquaintanceship among six 
people—32,768 such possibilities exist—and checking to 
see that each combination includes the desired relationship. 
This brute-force proof, however, would not provide insight. 
Moreover, it would be time-consuming. Combinatorics is 
often described as “the art of counting without counting.” 
To solve this Ramsey problem, the combinatorialist wants 
to avoid “counting” all 32,768 possibilities. 

Suppose we want not a threesome but a foursome who 
either all know each other or are all mutual strangers. How 
large must the party be? Erdds and Graham and their fel- 
low Ramsey theorists have proved that 18 guests are nec- 
essary and enough. But raise the ante again, to a fivesome, 
and no one knows how many guests are required. The an- 
swer is known to he between 43 and 49. That much has 
been known for two decades, and Graham suspects that the 
precise number won’t be found for at least a hundred years. 
The case of a sixsome is even more daunting, with the 
answer known to he between 102 and 165. The range grows 
wider still for higher numbers. 

Erdos liked to tell the story of an evil spirit that can 
ask you anything it wants. If you answer incorrectly, it will 
destroy humanity. “Suppose,” Erdds said, “it decides to ask 
you the Ramsey party problem for the case of a fivesome. 
Your best tactic, I think, is to get all the mathematicians 
in the world to drop what they’re doing and work on the 
problem, the brute-force approach of trying all the specific 
cases’—of which there are more than 10 to the 200th 
power (the number 1 followed by 200 zeroes). “But if the 
spirit asks about a sixsome, your best survival strategy 
would be to attack the spirit before it attacks you. There 
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are too many cases even for computers.” The most complex 
party problem that has been solved with the aid of com- 
puters, 110 of them running in sync, is the case of the 
minimal guest list needed to guarantee a foursome of 
friends or a fivesome of strangers. In 1993 the answer was 
found to be 25. 

Graham’s record-setting number comes up in a similar 
problem. Take any number of people, list every possible 
committee that can be formed from them, and consider 
every possible pair of committees. Now assign each pair of 
committees to one of two groups. No matter how the as- 
signment is made, the “object” Graham wants to guarantee 
is four committees in which all the pairs fall in the same 
group and all the people belong to an even number of 
committees. How many people are required to guarantee 
the presence of four such committees? Graham suspects 
that the answer is six, but all that he or anyone else has 
been able to prove is that four such committees will always 
exist if the number of people is equal to his record-setting 
number. This astonishing gap between what is suspected, 
based on observations of specific cases, and what is known 
shows how hard Ramsey theory 1s. 

A simpler example of Ramsey theory, often posed in 
mathematics competitions, involves taking the first 101 in- 
tegers and arranging them in any order you like. No matter 
how perverse the arrangement, you'll always be able to find 
eleven integers that form either an increasing sequence or 
a decreasing sequence. “You don’t have to pick the integers 
consecutively,” Graham said. “You can jump. You might 
pick the first one, then the nineteenth one, then the 
twenty-second one, then the thirty-eighth one—but they 
all have to be going up or going down. This doesn’t have 
to be the case if you take only the first 100 integers. How 
would I order the first 100 integers so that you can’t find 
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the desired sequence of eleven? I’d start 91, 92, 93, all the 
way up to 100. Them 81, 825 83, wpsto 80. ‘Then 71, 72673, 
up to 80. You get the idea.” ‘The full order, for those who 
don’t get the idea, is 


91, 92, 93, 94, 95, 96, 97, 98, 99, 100, 81, 82, 83, 
84, 85, 86, 87, 88, 89, 90, 71, 72, 73, 74, 75, 76, 
77, 78, 79, 80, 61, 62, 63, 64, 65, 66, 67, 68, 69, 
70, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 41, 42, 
43, 44, 45, 46, 47, 48, 49, 50, 31, 32, 33, 34, 35, 
36, 37, 38, 39, 40, 21, 22, 23, 24, 25, 26, 27, 28, 
29, 30, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 1, 2, 3, 
4, 5, 6, 7, 8, 9, 10. 


The longest increasing sequence is a block of ten con- 
secutive numbers, say, 81 through 90, or 41 through 50; no 
eleventh number hes to the night of either block. For a 
decreasing sequence, you can take any number from the 
90s, then any number from the 80s, and so on for each 
block of 10 integers, but that gives you only 10 decreasing 
numbers. But add the number 101 anywhere you want— 
you can even rearrange the 101 numbers anyway you 
want—and you're bound to find an eleven-term sequence 
with all the numbers rising or all the numbers falling. 
Ramsey theory, says Graham, makes a generalization of 
this result: to guarantee either a rising or falling sequence 
of length 7 + 1, you need n? + 1 numbers; with n? num- 
bers, you may not get it. 

Graham, whose old license plate reads RAMSEY, thinks 
that centuries may pass before much of Erdés’s and his 
work in Ramsey theory has significant applications in phys- 
ics, engineering, or elsewhere in the real world, including 
his place of employment, AT&T. “The applications aren’t 
the point,” Graham said. “I look at mathematics pretty 
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globally. It represents the ultimate structure and order. And 
I associate doing mathematics with control. Jugglers like to 
be able to control a situation. There’s a well-known saying 
in juggling: “The trouble is that the balls go where you 
throw them.’ It’s just you. It’s not the phases of the moon, 
or someone else’s fault. It’s like chess. It’s all out in the 
open. Mathematics is really there, for you to discover. The 
Prime Number Theorem was the same theorem before peo- 
ple were here, and it will be the same theorem after we’re 
all gone. It’s the Prime Number Theorem.” 

“In a way,” Erdoés said, “mathematics is the only infi- 
nite human activity. It is conceivable that humanity could 
eventually learn everything in physics or biology. But hu- 
manity certainly won’t ever be able to find out everything 
in mathematics, because the subject is infinite. Numbers 
themselves are infinite. That’s why mathematics is really 
my only interest.” One can reconstruct chapters of the SF’s 
Book, but only the SF has it from beginning to end. 

“The trouble with the integers is that we have exam- 
ined only the small ones,” said Graham, an odd remark for 
a man who set a world record for looking at the largest 
integer ever studied. “Maybe all the exciting stuff happens 
at really big numbers, ones we can’t get our hands on or 
even begin to think about in any very definite way. So 
maybe all the action is really inaccessible and we're just 
fiddling around. Our brains have evolved to get us out of 
the rain, find where the berries are, and keep us from get- 
ting killed. Our brains did not evolve to help us grasp really 
large numbers or to look at things in a hundred thousand 
dimensions. I’ve had this image of a creature, in another 
galaxy perhaps, a child creature, and he’s playing a game 
with his friends. For a moment he’s distracted. He just 
thinks about numbers, primes, a simple proof of the twin- 
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prime conjecture, and much more. Then he loses interest 
and returns to his game.” 

We Earthlings, where are we in our understanding of 
numbers? Each result—say, Erddés’s proof that a prime 
can always be found between an integer and its double— 
although touted in the mathematics journals, is only an 
imperceptible advance toward some kind of cosmic un- 
derstanding of the integers. “It will be millions of years 
before we'll have any understanding,” Erdés said, “and 
even then it won’t be a complete understanding, because 
we're up against the infinite.” 
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Temetni tudunk. 
(How to bury people—that is one thing we 
know.) 


—old Magyar saying 


It was 1930, and fourteen-year-old Andrew Vazsonyi in Bu- 
dapest was showing signs of mathematical talent. His fa- 
ther, who owned the best shoe store in town and knew 
everyone who was anyone—or at least knew their shoe 
size—wanted to find his son an intellectual playmate. 
Erdés’s reputation as a math whiz was already well 
known—his photo had appeared in a famous high school 
mathematics magazine—and so Vazsonyi’s father invited 
the seventeen-year-old Erdés to come play with Andrew at 
his store. 

“Tm not sure why we were meeting at the store,” re- 
called Vazsonyi sixty-seven years later. “I don’t understand 
why I didn’t go to his place or he didn’t come to my home, 
although at the time we lived in a pretty miserable place. 
My father’s store was very narrow and very deep. It was 
elegant mahogany, with boxes of shoes stacked to the ceil- 
ing on both sides. In the back he had a small office, with 
a steel moneybox, a desk, and a telephone. Erdés and I 
were supposed to meet there. [ sat in the back waiting.” 
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Krdés proved to be a “weirdo” (in the words of Kathy, 
the shoe store saleswoman) from the start. He knocked on 
the store door, which was no more the custom in Hungary 
than it was here. After that unusual civility, he dispensed 
with all introductions and conversational pleasantries and 
charged to the back. 

“Give me a four-digit number,” he demanded. 

“2,532,” Vazsony) replied. 

“The square of it is 6,411,024,” Erdés said. “Sorry. | arn 
getting old and cannot tell you the cube.” 

“How many proofs of the Pythagorean Theorem do you 
know?” [irdés asked. 

“One,” Vazsonyi said. 

“T know thirty-seven. Did you know that the points of 
a line do not form a denumerable set?” Erdés proceeded to 
show Vazsonyi a proof and then announced he had to run. 

“When Erdés said he must run,” recalled Vazsonyi, the 
staterment was literally true. He never walked but instead 
“kind of cantered down the street lke a big ape, hunched 
over, moving sideways, his arms swinging. People always 
turned around and stared. We used to go skating all the 
tine, and he skated like an ape, too. It was embarrassing 
because | was trying to meet girls on the ice. Of course, he 
wasn’t interested in that. As he got older, his gait was less 
apelike, although still strange. Fle always moved fast. And 
he developed this thing about running up to a wall, sud 
denly stopping short, turning around abruptly, and running 
back. Once he didn’t stop in time. He smashed into the 
wall and hurt himself. 


“Pim not sure why he acted the way he did when we 


first. met-—all the stuff about squaring numbers and the 
various proofs. As | got to know him, | discovered he was 


not the kind of person who showed off. His whole outlook 
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were considered to be the smart ones. ‘“‘No mother could 


ever recover from such a loss,” said Cousin Fredro. ‘She 


never did.” s 


Death and tragedy have long been part of the Hungarian 
character. According to the historian John Lukacs, on All 
Souls’ Day in Erdés’s youth, “thousands of people streamed 
toward the cemeteries of Budapest, with flowers in their 
hands, on that holy day which is perhaps taken more se- 
riously in Hungary than anywhere else because of the 
national temperament. Temetni tudunk—a terse Magyar 
phrase whose translation requires as many as ten English 
words to give its proper (and even then, not wholly exact) 
sense: ‘How to bury people—that is one thing we know.’ ” 
The phrase was coined long before Hungary had experi- 
enced the devastation of the two world wars, whose carnage 
would come disproportionately from within its borders. 
Few countries have had as violent a history as Hungary. 
In the ninth century, nomadic Magyar warriors from the 
steppes of Eastern Europe crossed the Carpathian Moun- 
tains and, renouncing their peripatetic way of life, settled 
in the middle Danube basin at the heart of what is now 
Hungary. The Magyars, also known as the On-Ogurs (‘‘peo- 
ple of the ten arrows”), were skilled archers and javelin 
throwers who raided their neighbors, plundering Germany 
from Bavaria to Saxony. Recent converts to Christianity, 
the Magyars had to defend their own new territory against 
a series of invaders. They held their own until 1241, when 
several hundred thousand Mongol horsemen from Genghis 
Khan’s empire slaughtered half the Magyar population and 
enslaved much of the rest, a bloodbath from which the 
country barely recovered. “The problem with Hungary,” 
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Erdés once joked, reflecting on his country’s history, “is that 
in every war we chose the wrong side.” 

A succession of foreign kings ruled Hungary and in- 
adequately defended the country against repeated ‘Turkish 
incursions. At the Battle of Mohacs on August 29, 1526, 
the Turkish army of Sultan Siileyman I slew the Magyar 
king, destroyed his troops, and celebrated with an ex- 
tended looting spree that left 200,000 people dead, another 
100,000 enslaved, and much of the country’s gold, silver, 
and jewels missing. Whole villages were wiped out, forests 
were torched, and farmland leveled. In 1541, the Ottoman 
overlords destroyed the historic Kingdom of Hungary by 
trisecting the Magyar territory, ceding its northern and 
western regions to the Hapsburgs, making Transylvania an 
independent Muslim state, and keeping the twin cities of 
Buda and Pest for themselves. In 1699, the Turks finally 
withdrew from the twin cities, and the Hapsburgs ex- 
panded their authority there. In 1867, Hungary got back 
some if its independence with the creation of the Austro- 
Hungarian dual monarchy, in which Hungary was granted 
a separate parliament and semi-autonomy, although it was 
still part of the Hapsburg kingdom of Franz Joseph of 
Austria. In 1873, the palace hill town of Buda and the 
reclaimed marshlands of Pest, on opposite banks of the 
Danube, officially became one city. 

The Budapest of Erdés’s birth was a sophisticated mod- 
ern city, home of the largest stock exchange in Europe and 
the most grandiose parliament building in the world. Bu- 
dapest rivaled Paris and Vienna in first-class hotels, garden 
restaurants, and late-night cafés, which were hothouses of 
“allicit trading, adultery, puns, gossip and poetry, the meet- 
ing places for the intellectuals and those opposed to op- 
pression.” It was also an Old World city, its women praised 
for their beauty and its men for their chivalry. Budapest 
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“has never been an agreeable town. But desirable, yes: like 
a racy, full-blooded young married woman about whose 
flirtations everyone knows and yet gentlemen are glad to 
bend down and kiss her hand,” wrote Gyula Kridy, an 
acclaimed writer of Magyar prose, who moved from the 
Hungarian provinces to Budapest in 1896, the year the 
city’s subway system opened, the first in Europe. Kridy’s 
enthusiasm for Budapest was irrepressible: 


Here the dancing in the theaters is the best, here every- 
one in a crowd may think that he is a gentleman even 
if he had left jail the day before; the physicians’ cures 
are wonderful, the lawyers are world-famous, even the 
renter of the smallest rooms has his bath, the shopkeep- 
ers are inventive, the policemen guard the public peace, 
the gentlefolk are agreeable, the streetlights burn till the 
morning, the janitors will not allow a single ghost in- 
side, the tramcars will carry you to the farthest places 
within an hour, the city clerks look down on the state 
employees, the women are well-read from their theater 
magazines, the porters greet you humbly on the street 
corners, the innkeeper inquires of your appetite with his 
hat in hand, the coach drivers wait for you solemnly 
during an entire day, the salesgirls swear that your wife 
is the most beautiful of women, other girls in the night 
clubs and orpheums hear out your political opinions po- 
litely, you find yourself praised in the morning news- 
paper after you had witnessed an accident, well-known 
men use the spittoons in the café gardens, you are being 
helped into your overcoat, and the undertaker shows his 
thirty-two gold teeth when you take your leave from 
this city forever. 


Before World War I, life for Jewish families like Erdés’s 
and the Vazsonyis was more comfortable in Budapest than 
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in most other places in Europe. The Hapsburgs had 
emancipated Hungary’s Jews in 1867, and Jewish immi- 
gration was encouraged by the Magyar ruling class for 
the simple reason that the Magyars were numerically in 
the minority and assimilated Jews added to their ranks. 
To encourage assimilation, the Hapsburgs granted royal 
titles to prominent Jews. For instance, the banker Max 
von Neumann, father of the mathematician John von Neu- 
mann, was ennobled in 1913. “The Hapsburgs were not 
really anti-Semitic,” said Vazsonyi, “which meant in Hun- 
gary that they didn’t dislike the Jews any more than was 
proper.” Vazsonyi’s family was very prominent under the 
Hapsburgs, and one of his uncles was in the cabinet of 
Charles IV, who was crowned in 1916. Many assimilated 
Jewish families took on Hungarian names. The Vazsonyi 
name was originally Weiszfeld, and the Erdés name, which 
means wooded in Hungarian, was Englander. Erdés’s par- 
ents were not observant Jews, though his grandparents 
were. According to Laszl6 Babai, who wrote three papers 
with Erdés, when Erdés’s father was courting his mother, 
he visited her once on Yom Kippur, a holy day of intro- 
spection, and “found her fasting and reading Maupassant. 
He pointed out the paradox he sensed in this combination. 
She agreed. Shedding tears, Anna relinquished the old 
traditions.” 

Through Magyarization, and the opportunities opened 
to them as card-carrying Hungarians, many Jewish families 
became economically well off. In 1910, Jews made up only 
5 percent of Hungary’s population, but they owned 37.5 
percent of the farmland and constituted 51 percent of all 
lawyers, 60 percent of doctors, and 80 percent of financiers. 
Hungary, however, was not a Jewish paradise. Resentment 
over Jewish prosperity was building, but before anti- 
Semitism could really flare up, the events of June 28, 1914, 
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distracted the entire country, rallying it around a common 
enemy. On a state visit to Bosnia, Archduke Franz Ferdi- 
nand, heir to the Hapsburg throne, was assassinated by a 
Serbian patriot, Gavrillo Princip. Austria-Hungary imme- 
diately declared war on Serbia, Russia declared war on 
Austria-Hungary, and all of Europe was plunged into 
World War I. In August, when Erdés was one and a half, 
his father, Lajos, was captured in a Russian offensive and 
sent to Siberia for six years. 

With his father in prison and his mother teaching 
school during the day, Erdés was raised by a German gov- 
erness. He became proficient with numbers as a toddler by 
studying the calendar and figuring out how many days it 
would be before his mother was home for the holidays. At 
four he entertained himself by “computing crazy things 
hike how long it would take a train to reach the Sun.” He 
amused his mother’s friends by asking them how old they 
were and then calculating in his head how many seconds 
they had lhved. He knew then that he wanted to be a 
mathematician, although he would pay attention to sub- 
sequent tutorials in history, politics, and biology. As soon 
as he could read, his mother phed him with medical lit- 
erature, which he eagerly studied. She apparently had 
vague hopes that he might become a doctor. For most of 
Erdés’s childhood his mother kept him out of school, fear- 
ing that it was the source of deadly childhood contagions. 
He studied at home with a tutor. Erdés stayed home until 
high school, and even then he went only every other year, 
because his mother kept changing her mind. 

When the war wound down in 1918, a defeated Hun- 
gary was thrown into chaos. Some 734,000 prisoners of war, 
held mostly in Russia, were unaccounted for. The death 
toll of prisoners would reach 431,000, and Erddés and his 
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mother didn’t know if his father was among the dead. The 
Austro-Hungarian monarchy was dissolved on October 31, 
in the bloodless Aster Revolution. The monarchy’s troops, 
to signal their support for democratic reform, ripped off 
their royal emblems and adorned themselves with red and 
white asters, available throughout the city in celebration of 
All Souls’ Day. But the democratic Republic of Hungary, 
proclaimed with such promise and fanfare on November 
16, lasted only four months. In the absence of a formal 
peace treaty ending World War I, armed marauders from 
Romania, Czechoslovakia, and Yugoslavia continued to rav- 
age the Hungarian countryside, and the new democratic 
government was powerless to stop them. 

On March 21, 1919, Béla Kun, a Transylvanian Jew 
who as a Russian prisoner of war had become a devotee of 
Lenin, staged a nonviolent coup that overnight transformed 
the Republic of Hungary into the Hungarian Soviet Re- 
public. “The rousing tunes of the Marseillaise and of the 
Internationale drowned the music-loving town on the Dan- 
ube in a fiery, melodious flood,” Arthur Koestler wrote in 
his autobiography, Arrow in the Blue. “As Vienna had 
danced to the fiddle of Johann Strauss, so the people of 
Budapest now marched to the tune of the Marseillaise.” 
But Kun’s regime didn’t even last as long as his predeces- 
sor’s. His ministers were inept——it was said that his finance 
commissioner didn’t know how to endorse a check. Buda- 
pest was slowly starving, and Kun did nothing to alleviate 
the food shortage. “The people of Budapest seemed to live 
mainly on ice-cream,’ Koestler wrote. “The only things 
ration cards and the paper money issued by the red regime 
would buy were cabbages, frozen turnips—and ice-cream 
....1t may be suspected my sympathies for the Commune 
were influenced by the fantastic amount of [ice cream] we 
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ate, for breakfast, lunch, and dinner, during the hundred 
days. This suspicion would be the most unjust as there was 
only the one kind, vanilla, which I dislike.” 

Kun’s soldiers, while keeping their guns silent, billeted 
themselves in the apartments of ordinary citizens. Koestler’s 
mother managed to expel two soldiers. But the family of 
eleven-year-old Edward Teller, who would grow up to rail 
against Communism and build the hydrogen bomb, was 
not as lucky. Teller’s family had to put up with two soldiers 
who slept on their couches and urinated on the rubber 
plant. Teller recalled hearing stories of Kun’s opponents 
being hung from lampposts, but never saw any corpses 
himself. Five hundred people died at the hands of Lenin 
Boys, an undisciplined gang of hooligans, ex-military men, 
and escaped Soviet convicts who harassed and tortured 
bourgeois politicians, businessmen, and Catholic priests, 
whose churches Lenin Boys desecrated. Teller’s mother, 
Ilona, who was Jewish, told their governess: “I shiver at 
what my people are doing. When this is over there will be 
a terrible revenge.” 

Kun’s support collapsed in the countryside once he na- 
tionalized the farmland instead of following through on his 
promise to redistribute it to the peasantry. When help from 
Lenin never materialized, Kun watched impotently as Ro- 
manian troops advanced further into Hungary, coming 
within fifty miles of Budapest by the end of July 1919. In 
power only 133 days, Kun fled to Vienna (and eventually 
to Russia, where in 1937 Stalin had him shot as a traitor). 
Kun was replaced by Miklos Horthy, a former admiral of 
the Austro-Hungarian Navy, who rode in on a white horse 
and installed Europe’s first postwar Fascist regime, re- 
proaching Budapest as “the guilty city.” He would serve as 
Hungary’s dictator until 1945. Strong as his rule would 
become, he could not stop the victors of World War I from 
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imposing a punitive peace treaty. On June 4, 1920, the 
Treaty of Trianon dismembered Hungary, stripping away 
68 percent of its land and 59 percent of its population. Of 
the 10 million people who spoke Magyar, fully a third 
found themselves living in territory annexed by Romania, 
Czechoslovakia, or Yugoslavia. 

During Kun’s brief reign, Erddés’s mother was promoted 
to principal of her high school. When right-wing groups 
called for a general strike against the Communist govern- 
ment, she stayed at work, out of deference not to Kun but 
to the children whose education would be disrupted with- 
out her. That decision cost Anna Erddés her job. Once Hor- 
thy took over, she was summarily dismissed, and couldn’t 
teach again in a public school for twenty-six years, until 
the Communists finally returned to power. 

No sooner had Horthy arrived than he unleashed a 
wave of White Terror, ten times deadlier and far more 
organized than the Red Terror of a few days before. Ilona 
Teller’s fears came true. Armed Fascist thugs intent on rid- 
ding Budapest of Communist sympathizers targeted Jews 
in particular, who were assumed to be in league with their 
coreligionist Kun. Five thousand people were killed, many 
others were tortured, and tens of thousands of Jews were 
driven into exile. Edward Teller, John von Neumann, and 
the physicists Leo Szilard and Eugene Wigner all left Hun- 
gary for Germany, “then the mecca of scientists, only to be 
driven away by Hitler to eventual sanctuary in the United 
States. To this extent, Béla Kun can unwittingly take credit 
for the American preeminence in the development of nu- 
clear energy”: all four men lent their scientific creativity 
to making the atomic bomb. 

Anna Erdés stayed 1n Budapest and feared for the safety 
of her son. From the balcony of their apartment they could 
see Jews being beaten in the streets. (Before Wigner left 
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the country, he was attacked by a mob.) “There were a lot 
of anti-Semitic acts.” Paul Erdés recalled. “Being a Jew, my 
mother once said to me, ‘You know the Jews have such a 
difficult trme. shouldn't we get baptized? I told my mother, 
‘Well. vou can do what vou please, but I remain what I 
was born. It was very remarkable for a small child—I was 
only six or seven then—because, actually, being Jewish 
meant nothing to me. It never did.” But what meant everv- 
thing to Erdés, even at this young age, was being true to 
his own birthnght and never compromising his principles, 
no matter how inconvenient or life threatening i1 was to 
maintain them. Throughout his hfe he would fearlessly 
defy “Fascist” authorities of every stripe, be they armed 
thugs. mindless university bureaucrats, the U.S. Immigra- 
tion Service. the Hungarian secret police, the FBI, Los An- 
geles traffic cops, or the SF Himself. 

Although Erdés hated Fascists, he loved the word and 
apphed it liberally to anything he didn’t like. “Paul and I 
once went to a colleague's apartment where some kittens 
had been born,” recalled Melvin Henriksen. who wrote one 
yomt paper with Erdés. “Paul picked one up. but returned 
it gently to the box when the kitten scratched. ‘Fascist cat!’ 
he exclaimed. The lady of the house questioned how he 
could call such a little kitten a Fascist. ‘Hf vou were a 
mouse, he said, ‘you'd know.” 

Erdés and his mother survived the White Terror, and 
in 1920 his father returned home. haggard but happy. 
“4puka |Daddy.!” Erdés yelled. “You look really old!” To 
kill time in the prison camp, Lajos had taught himself 
English from a book. Now he'd teach it to his son. “Thai's 
why my accent 1s so bad,” Erdés sard, “because I learned 
Englhsh from someone who had never heard n from a na- 
tive speaker.” (And Erdés’s English didn't get much better 
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and take the trolley to Zugliget. There were usually four 
or five of us, but sometimes as many as twenty.” The young 
mathematicians‘also liked to meet in the city park at a 
bench by the hooded bronze statue of Anonymous, a his- 
torian who chronicled twelfth-century Hungarian kings. 
“When we got together as a group,” Vazsonyi recalled, “we 
were always concerned that the police would come and 
question us. Group meetings were prohibited during the 
Horthy dictatorship. We could not speak freely. We 
thought there were spies everywhere. That’s when Erdés 
started developing his private language. Many of us were 
Communists in the sense of what it meant at that time: 
that we were against the Horthy regime.” But it wasn’t 
safe to use the word Communist out loud, so Erdés started 
referring to Communists as people “on the long wave- 
length,” because in the electromagnetic spectrum the red 
waves were long. He said that Horthy supporters and other 
Fascist sympathizers were “on the short wavelength.” 
That’s also when he started calling children and other small 
things “epsilons,” grandchildren “epsilons squared,’ alcohol 
“poison,” music “noise,” and women “bosses,” an inversion 
of what Hungarian women often called their husbands. 
“Give me an epsilon of poison,” Erdés would say when he 
wanted a sip of wine. “Wine, women, and song” became 
‘Poison, bosses, and noise.” In his world, though, all chil- 
dren were actually bosses, regardless of their gender. 
‘Women are bosses and men slaves but children are bosses 
per se,” said Erdés. “So I was asked once: ‘When does a 
slave child become a slave? If he is a boss originally, when 
does he become a slave?’ And here I answered immediately: 
‘When he starts running after bosses.’ ” 

“The language was very contagious,” recalled Vazsonyi, 
“and continued to spread throughout the universal club of 
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mathematicians” all over the world long after the Horthy 
regime was gone. Over time Erdés added new words such 
as “Joe” and “Joedom” for the USSR and “Sam” and “Sam- 
land” for the United States. International news, which he 
pronounced nevsh, became “the Sam and Joe show,” and 
he invented a top-secret police organization called the FBU, 
a combined unit of the FBI and OGPU (the Soviet secret 
police agency that predated the KGB), which he said 
swapped agents back and forth between Joe and Sam. In 
the 1940s, he started calling God the SF. “With so many 
bad things in the world,” he said, “I’m not sure that God, 
should He exist, is good.” Erdés spoke approvingly of An- 
atole France’s novel The Revolt of the Angels, in which God 
was portrayed as evil and the devil as benign. 

Erddés didn’t hesitate to use his special language outside 
mathematical circles. For instance, he once asked Barbara 
Piranian, president of the League of Women Voters in Ann 
Arbor, Michigan, “When will you bosses take the vote away 
from the slaves?” (And she answered, “There is no need; 
we tell them how to vote anyway.”) But not all outsiders 
reacted to Erdésese with as good humor as Piranian. Cedric 
Smith, a statistician at University College London, recalled 
how soon after he had gotten married, Erddés mistook his 
mother-in-law for his wife and she “complained of the 
phone ringing and a deep voice (guess who?) saying, ‘How 
are you? Vair is your slave? Is he preaching?’ (in conven- 
tional English ... Where is your husband? Is he lecturing?). 
Said she, indignantly, ‘I haven’t got a slave.’” 

At the foot of Anonymous, discussions in Erdésese about 
politics and family always gave way to talk about math. 
“We were addicted to math,” said Vazsonyi, and Erdés was 
the biggest junkie of all. “He lived in the world of prime 
numbers. They were his world. He had some peculiar af- 
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finity to prime numbers. When he was twenty, he an- 
nounced he was going to prove the great Prime Number 
Theorem by elémentary means using the ancient sieve of 
EKratosthenes. And sure enough, twenty years later, he’d do 
that. Prime numbers were on his mind all his life.” 

In late 1932 the Anonymous group included Esther 
Klein, a talented student back from a semester away at the 
University at Gottingen, and Gyorgy (George) Szekeres, a 
recent chemistry graduate, eager to put aside his test tubes 
for mathematics. “Paul, then still a young student but al- 
ready with a few victories in his bag, was always full of 
problems and his sayings were already a legend,” recalled 
Szekeres. “He used to address us in the same fashion as we 
would sign our names under an article and this habit be- 
came universal among us; even today I often call old mem- 
bers of the circle by a distortion of their initials. ‘Szekeres 
Gy, open up your wise mind.’ This was Paul’s customary 
invitation—or was it an order?—to listen to a proof or a 
problem of his.” 

On one of their weekly sojourns it was Klein who 
shared with the men a curious problem in plane geome- 
try: given any five points on a flat surface, with no three 
of them in a straight line, prove that four of these points 
will always form a convex quadrilateral. (A quadrilateral 
is the generic term for any four-sided figure; squares, 
rectangles, and parallelograms are all quadrilaterals. By 
“convex,” she meant that any spot within the quadrilat- 
eral has a direct line of sight to any other spot; a square, 
therefore, is a convex quadrilateral, whereas the shape of 
an arrowhead is not, because a spot in one of the back 
tips cannot “see” a spot in the other back tip. Another 
way of characterizing a convex figure is to say that it has 
no indentations.) Klein was able to prove the theorem by 
showing that all conceivable arrangements of five points 
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fell into three general cases, each of which guaranteed a 
convex quadrilateral. 

The first case is when the five points themselves form 
a convex pentagon; then any four of the five points form 


a convex quadrilateral: 


The second case is when one of the five points lies 
inside the other four; in that case the four exterior points 
form the convex quadrilateral: 


The remaining case is when two of the points lie inside 
the triangle formed by the other three. If a line is drawn 
through those two points, bifurcating the triangle, two 
points of the triangle will fall on one side of the line. ‘Those 
four points always form a convex quadrilateral: 

/ 


/ 
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Erdés and Szekeres were taken with the elegant proof, 
so they tried to extend the result to polygons with many 
more sides. Another mathematician in their group, Endre 
Makai, soon proved that nine points were needed to guar- 
antee a convex pentagon. Eight points, a counterexample 
showed, was one point too few: 
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From such specific examples a strong generalization 
quickly emerged: was a convex polygon of 7n sides guar- 
anteed whenever the points numbered 2”~? + 1? The for- 
mula 2”~* + 1 obviously worked for a convex quadrilateral: 
when n= 4, 2? +1 is 5. Similarly, for n = 5, the case of 
the convex pentagon, the formula correctly gave 2° + 1, or 
9 points. But a proof of the generalization eluded the three 
Hungarians. 

“We soon realized,” recalled Szekeres, “that a simple- 
minded argument would not do and there was a feeling of 
excitement that a new type of geometrical problem 
emerged from our circle which we were only too eager to 
solve. For me that it came from Epszi, Paul’s nickname for 
Esther, short for epsilon, added a strong incentive to be the 
first with a solution and after a few weeks I was able to 
confront Paul with a triumphant ‘E.P., open up your wise 
mind.’” Szekeres proved the necessity of convex polygons 
of any given size n, but the proof gave, as the numbers of 
points required “an absurdly large value, nowhere near the 
suspected” 2"~* + 1. Nonetheless, Szekeres’s accomplish- 
ment was impressive enough to win Klein’s hand, and the 
two were married four years later. As a result, Erdés dubbed 
the problem the Happy End Problem, and that name has 
stuck in the mathematical literature. 

Good thing Erdés wasn’t a ladies’ man, though, because 
he soon improved on Szekeres’s result, although the gap 
between the suspected value and Erdés’s proven value was 
still huge. Erdés proved that 71 points were required to 
guarantee a convex hexagon, although 17 points (2* + 1 
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points) were thought to be sufficient. This was Erdés’s first 
Ramsey result—in a large enough set of points, convex 
polygons cannot be avoided—although at the time neither 
he nor Klein or Szekeres had ever heard of Ramsey. Sixty 
years later, Klein and Szekeres are still married. They live 
in Sydney, Australia (the country Erdés called “Ned,” after 
Ned Kelley, the daring Australian bandit of the nineteenth 
century), where they continue to prove and conjecture, al- 
though not at the frenetic pace of the Anonymous years. 

There’s something about the Happy End Problem that 
succumbs to couples in love. No progress at all was made 
on the problem until November 1996, when Graham and 
his wife decided to tackle it. “We had just seen Szekeres 
at Erdés’s memorial service and we talked about how some- 
one should make a dent in the gap after sixty years,” Gra- 
ham explained. “Then Fan and I were flying to New 
Zealand for a math conference. The flight takes a day, so 
we passed the time by working to narrow the gap. We 
succeeded in lowering the upper bound by one point. Okay, 
in absolute terms that’s not much to get excited about. But 
it was exciting to make the first progress on the problem 
in sixty years—the problem is that intractable. To make 
the progress we did make called for some new ideas. Who 
knows? Someone else may look at these ideas and realize 
that if you do thus-and-such with them, you can make a 
bigger dent in the problem. That’s how mathematical pro- 
gress works. There’s an old saying in mathematics: 


Problems worthy of attack, 
Prove their worth by fighting back. 


This problem certainly fought back.” 
And just as Graham had hoped, as soon as their Air 
New Zealand success became known, other mathematicians 
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were able to jigger the key ideas to further chip away at 
the upper bound. “It’s kind of funny, this Klein-Erdés- 
Szekeres problem. Fan and I saved one point. So only 70 
points were needed to guarantee a convex hexagon, with 
the suspected number still 17. Then Daniel Kleitman and 
Lior Pachter saved 5 points, reducing the guarantee to 65. 
After sixty years! Then yesterday,” Graham said in the 
spring of 1997, “I received a paper where they cut the 
number of points in half. Whoom! They did it in a very 
nice way. Still, the gap is gigantic, the range is from 37 to 
17, but we’re plugging away at it. That’s often how math- 
ematical progress is made. Paul would be proud, because 
we did exactly what he’d want us to do. We had this prob- 
lem that had gotten under our skin, and at first we couldn’t 
do anything to it. Well, at least do something, Paul would 
urge. Crack it. Break it open a little bit. Then someone else 
will figure out how to break it open a little bit more.” 


In 1934, the year after the Happy End Problem was orig- 
inally solved, Erdés left Hungary for political reasons. “I 
was Jewish,” he said, “and Hungary was a semi-Fascist 
country.” He went to England for a four-year postdoctoral 
fellowship at Manchester, where the wanderlust that would 
characterize his adult life was first evident. “From 1934 he 
hardly ever slept in the same bed for seven consecutive 
nights,” wrote Erddés’s collaborator Bela Bollabas, “fre- 
quently leaving Manchester for Cambridge, London, Bris- 
tol, and other universities.” All along “he had intended to 
go to Germany, but the rise of Fascism prevented him. 
Jokingly he said that the traditional Jewish toast should 
be changed to ‘Next year in Gottingen!’ ” 

In Cambridge, on his second day in England, Erdés met 
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G. H. Hardy, the father of modern analytic number theory, 
who shared Erdés’s dislike for authority and his irreverence 
toward God. Even as a child Hardy was a militant atheist, 
and as an adult he refused to set foot in houses of worship, 
even for such nonsectarian purposes as the traditional elec- 
tion of officers at his college. (To accommodate him, the 
college wrote a special exemption into its bylaws so that 
Hardy “could discharge certain duties by proxy which 
would otherwise have required him to attend Chapel.”) 
Like Erdés, Hardy played games with the SF, even though 
he doubted His existence. On a turbulent boat trip from 
Scandinavia to England, Hardy dashed off a postcard to a 
colleague announcing that he had proved the Riemann Hy- 
pothesis, an important open conjecture in prime number 
theory. He figured the SF, whom he referred to as his 
“personal enemy,” would not let him die with the potential 
of people thinking he had proved the Riemann Hypothesis. 
Although Hardy was dismissive of religion, he had—in the 
words of his obituary in Oxford Magazine—a “profound 
conviction that the truths of mathematics described a 
bright and clear universe, exquisite and beautiful in its 
structure, in comparison with which the physical world was 
turbid and confused. It was this which made his friends 
... think that in his attitude to mathematics there was 
something which, being essentially spiritual, was near to 
Felleron: 

If there were a Hall of Fame for eccentrics, Hardy and 
Erdés would be among the first inductees. Hardy was 
acutely self-conscious from a young age, and twice tried to 
take his own life. He deliberately put wrong answers down 
on exams in grade school so as to be spared the ordeal 
of coming in first and being awarded a prize in front of 
the class. He refused to wear a watch and avoided other 
mechanical objects from fountain pens to telephones. He 
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could not stand to have his photograph taken or look at 
himself in the mirror, going so far as to shave by touch. 
When he checked into a hotel, the first thing he did was 
to cover the mirrors with towels. He thought he had the 
face of a gargoyle but in fact he was boyishly handsome, 
even in his fifties. Bertrand Russell praised his “bright 
eves: his colleague John Edensor Littlewood thought him 
“beautiful”; the Columbia University mathematician James 
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Newman found him “strikingly handsome and graceful” 
with “his deheately cut but strong features, his high col- 


oring, and the hair that fell in irregular bangs across his 


e 
forehead’; and the novelist C. P. Snow approved of his tan, 
“a kind of Red Indian bronze. His face was beautiful— 
with high cheekbones, thin nose, spiritual and austere.” 
Hardy's first love was mathematics, and his second 
cricket. He peppered his mathematical papers with analo- 
gies to the game. A problem concerning “a maximal the- 
orem with function-theoretic applications,” he wrote in an 
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important paper, could be “most easily grasped when stated 
in the language of cricket. ... Suppose that a batsman plays, 
In a given season, a given ‘stock’ of innings.” His words of 
praise for a great proof were not “straight from the Book,” 
but “in the Hobbs class.” after Surrey cricketer Jack Hobbs. 
When the Austrahan batsman Don Bradman. eclipsed 
Hobbs’s record, Hardy had to change the accolade: ‘“Brad- 
man 1s a whole class above any batsman who has ever lived: 
if Archimedes, Newton, and Gauss remain in the Hobbs 
class, ] have to admit the possibility of a class above them, 
which I find difficult to imagine. They had better be 
moved from now on into the Bradman class.” The barrage 
of references to cricket, said James Newman, “must not 
have been very helpful to the Hungarians,” let alone to 
American mathematicians hke himself. 

Hardy was much more disciplined in his working style 
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Since the days of Newton, mathematics in Great Britain 
had taken a backseat to physics. In fact, pure mathematics 
was moribund there in 1877, the year Hardy was born. 
With his powerful analytical methods, and eye for beautiful 
patterns, Hardy succeeded in turning Britain into a world 
leader in pure mathematics for the first quarter of this 
century, an accomplishment akin to taking a cricket team 
from last place to first in a single season. Like Erdés, Hardy 
was a master at collaboration, although he worked with far 
fewer people but did so much more intensely. In 1911, 
Hardy began working with Littlewood, in a partnership 
that was unparalleled in the history of mathematics. Over 
a period of thirty-five years, they wrote one hundred joint 
papers, none of them “trivial.” 

When Hardy and Erddés met, Hardy was fifty-seven and 
his analytical powers were beginning to fade. Six years later 
he would write 4 Mathematician’s Apology, the most fa- 
mous literary work in mathematics, a depressing testament 
to creative powers that had slipped away. “It is a melan- 
choly experience for a professional mathematician to find 
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himself writing about mathematicians,” the book begins. 
“The function of a mathematician is to do something, to 
prove new theorems, to add to mathematics, and not to talk 
about what he or other mathematicians have done.” Make 
no mistake, Hardy warned, mathematics is a young man’s 
game: “Galois died at twenty-one, Abel at twenty-seven... 
Riemann at forty....1 do not know an instance of a major 
mathematical advance initiated by a man past fifty.” The 
twenty-one-year-old Erdés was too young then to know 
he would become the most celebrated counterexample to 
Hardy’s conjecture. 

Erdés asked Hardy what his most important contribu- 
tion to mathematics was. “The discovery of Kamanujan,” 
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Hardy immediately responded. Besides his partnership with 
Littlewood, Hardy’s only other intense collaboration was 
four years of work with the legendary Srinivasa Ramanujan 
Aiyangar, a poor, sickly, self-taught Indian phenom whose 
passage to England he arranged for in 1914, when Rama- 
nujan was twenty-six. Erdés wanted Hardy to tell him 
about Ramanujan because their paths had crossed mathe- 
matically even though their lives had not. Erdés had first 
learned about Ramanujan’s work in 1931, when he offered 
up his clever proof of Chebyshev’s theorem that there is 
always a prime between a number and its double. A Hun- 
garian colleague told him that Ramanujan had found a 
similar proof in 1919, so Erdés looked it up and was taken 
with the beauty of Ramanujan’s approach. 

Hardy told Erdés that he discovered Ramanujan when 
a letter postmarked “Madras, 16th January 1913” crossed 
his desk. Accompanied by pages of formulas that looked 
somewhat familiar to Hardy but were loaded with strange 
symbols, the letter began: 


Dear Sir, 

I beg to introduce myself to you as a clerk in the 
Accounts Department of the Port Trust Office at Madras 
on a salary of only £20 per annum. I am now about 23 
years of age. I have no University education but I have 
undergone the ordinary school course. After leaving 
school I have been employing the spare time at my 
disposal to work at Mathematics....1 am striking out a 
new path for myself. I have made a special investigation 
of divergent series in general and the results I get are 
termed by the local mathematicians as “startling.” 


Hardy wondered whether the correspondent was a crank 
but he read on. 
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Very recently I came across a tract by you styled Orders 
of Infinity in page 36 of which I find a statement that 
no definite expression has as yet been found for the 
number ‘of prime numbers less than any given number. 
I have found an expression which very nearly approxi- 
mates the real result, the error being negligible. 


Ramanujan was claiming in effect that he had found 
a superior version of the legendary Prime Number Theo- 
rem. Hardy got a chuckle out of this presumption and put 
the letter aside. But the strange formulas haunted him 
throughout the day, and so later that evening, at High 
Table, he shared the letter with Littlewood. Crackpot or 
genius? Littlewood wondered. For two and a half hours the 
most successful team in all of mathematics pored over the 
formulas. Genius, they concluded. 

Ramanyjan, it turns out, had taught himself mathe- 
matics, borrowing a book from the library called Synopsis 
of Elementary Results in Pure Mathematics, written by an 
intellectual hack named George Shoebridge Carr, who eked 
out a living helping students cram for exams. The Synopsis 
listed some 6,000 formulas, none of them proved. Rama- 
nujan took it upon himself to generate all the formulas 
anew, inventing his own notation to do this, performing 
calculations on a slate because he could hardly afford paper, 
and entering the final results in private notebooks he kept. 
Because the Synopsis didn’t include proofs, Ramanujan 
didn’t know the concept of a formal mathematical argu- 
ment. He winged it, relying on intuition, but intuition he 
had in spades. Prime numbers, to be sure, were Ramanu- 
jan’s friends as well as Erdos’s. 

In his reply, Hardy, the master of mathematical for- 
mality, pushed Ramanujan for proof of his fantastic con- 
jectures. Proof meant everything to Hardy, who once told 


Russell “that if he could find a proof that I [Russell] was 
going to die in five minutes he would of course be sorry 
to lose me, but this sorrow would be quite outweighed by 
pleasure in the proof. I entirely sympathised with him and 
was not at all offended.” Ramanujan was delighted that 
Hardy responded; he had never heard from two other well- 
known English mathematicians to whom he had sent his 
results. But when it came to this thing called proof, Ra- 
manujan did not know exactly what Hardy was asking for, 
and he had no interest in rehashing the logic behind as- 
sertions he knew were true. Life was too short, he felt, to 
go over the same ground twice. Little did he know how 
short. Six years after Hardy had persuaded Ramanujan 
to come to England, he died of tuberculosis in 1920 at the 
age of thirty-two, leaving a widow, no children, and three 
notebooks full of mathematical musings that experts are 
still deciphering today. To the excitement of number the- 
orists around the world, a fourth “lost” notebook was dis- 
covered in 1976. The notebooks contain hundreds of 
insightful formulas, all offered without proof, as if they 
had been handed down by God. 

While Hardy and Ramanujan’s partnership lasted, the 
two men stood the world of pure mathematics on its head. It 
was Kast meets West, mysticism meets formality, and the 
combination was unstoppable. Ramanujan had flashes of in- 
sight, guided at night by visions of the goddess Namagiri, 
whose timely intervention had allowed Ramanujan to defy 
the Brahmin ban on overseas travel and meet Hardy in the 
first place. “An equation for me,” Ramanujan said, “has no 
meaning unless it expresses a thought of God.” Ramanujan 
had glimpsed the SF’s Book, and Hardy turned the glimpses 
into proofs. “I owe more to him than to anyone else in the 
world with one exception,” said Hardy, “and my association 
with him is the one romantic incident in my life.” 
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Ramanujan, for his part, was not happy in England. He 
was lonely and homesick, craved Indian food, hated the 
weather, and «was constantly sick. Even though he had dis- 
covered profound new mathematical truths, he was dis- 
tressed that, for lack of a formal Kuropean mathematical 
education, he also kept rediscovering theorems that had 
already been proved. Early in 1918, Ramanujan threw him- 
self onto the London subway tracks in front of an oncoming 
train. “What happened next,” wrote his biographer, Robert 
Kanigel, “would be easy enough to read as a miracle. A 
guard spotted him...and pulled a switch, bringing the 
train screeching to a stop a few feet in front of him. Ra- 
manujan was alive, though bloodied enough to leave his 
shins deeply scarred. He was arrested and hauled off to 
Scotland Yard.” He didn’t try to commit suicide again, but 
was never really himself—tuberculosis was taking over his 
body. 

Hardy lked to rank mathematicians on a scale of 1 to 
100, said Erdés. He gave himself 25, Littlewood 30, the 
great David Hilbert 80, and Ramanujan 100. “Although 
Hardy was modest in giving himself just 25,” said Erdés, 
“the fact that he gave 100 to Ramanujan revealed the re- 
gard he had for Ramanujan’s work.” 

Ramanujan, said Hardy, “could remember the idiosyn- 
crasies of numbers in an almost uncanny way. It was Lit- 
tlewood who said that every positive integer was one of 
Ramanujan’s personal friends. | remember going to see him 
once in Putney. I had ridden in taxi-cab No. 1729, and 
remarked that to me the number seemed a rather dull one, 
and that I hoped it was not an unfavourable omen. ‘No,’ 
he reflected, ‘it is a very interesting number; it is the small- 
est number expressible as the sum of two cubes in two 
different ways.’” Ramanujan had seen that 
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Erdés liked hearing Hardy talk about Ramanujan. The 
two times Erdés would lecture in India, he’d have the fee 
donated to Ramanujan’s widow, a woman he never met. 
And Hardy presumably liked hearing Erdés talk. He and 
his fellow Brits got a kick out of Erdés’s Hungarian- 
sounding English, in which “pineapple upside down cake” 
became “pinnayopp-play oopshiday dovn tsockay.” 

Erdés shared Ramanujan’s fondness for finding so-called 
asymptotic formulas, of which the Prime Number Theorem 
is a famous example. An asymptotic formula gives an esti- 
mate of the number of numbers below some arbitrarily large 
integer 7 that have a certain desired property. The farther 
out you go in the integers—in other words, the larger you 
choose n—the more accurate the estimate becomes as a per- 
centage of the true value. The Prime Number Theorem 
gives an estimate of the number of primes up to an integer 
n. As Gauss discovered, the estimate gets better as n gets 
larger, to the point where if you’re dealing with sufficiently 
high numbers, the estimate and actual value get “asymptot- 
ically” close—that is, they converge. 


Integers Actual number Gauss’s estimated Percentage 
below n of primes number of primes of error 
1,000 168 145 16.0 
1,000,000 78,498 72,382 8.4 
1,000,000,000 50,847,478 48,254,942 5.4 


Ramanujan was mistaken in claiming in his letter to Hardy 
that he had improved on Gauss. But he did come up with 
asymptotic formulas for all sorts of other things that Gauss 
didn’t even consider. 


EPSZI’S ENIGMA 


In his first year at Cambridge, Ramanujan worked on 
composite numbers, which are numbers that are not 
prime, numbers that are “composed” of the products of 
primes. ‘Thus 6 is composite, because it 1s the product of 2 
and 3. So is 15, being the product of 3 and 5. Ramanujan 
introduced the concept of a “highly composite number,” 
which was as dissimilar to a prime as a number can be. 
A prime has only two divisors (the number 1 and itself), 
whereas a highly composite has the maximum number. A 
highly composite is characterized by having more divisors 
than any composite less than it has. Twelve is highly 
composite because it has six distinct divisors (1, 2, 3, 4, 6, 
and 12), which is more than any composite less than it 
has. So is 24, with its eight divisors (1, 2, 3, 4, 6, 8, 12, 
and 24) being greater in number than the divisors of any 
smaller composite. Ramanujan made a list of all highly 
composite numbers up to 6,746,328,388,800. The list began 
2, 4, 6, 12, 24, 36, and included twenty-five highly com- 
posites between 2 and 50,000. The list was correct, except 
that he overlooked 29,331,862,500. Ramanujan found an 
impressive asymptotic formula that gives the number of 
highly composite numbers up to an arbitrarily large integer 
n. Thirty years later, in 1944, Erdés was able to improve 
on the formula. 

Since the time of Euclid, mathematicians have known 
that every composite number can be uniquely expressed as 
the product of prime factors: 


ad 
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where the exponents a, b, c, d, and so on take on integral 
values. Ramanujan examined the highly composite num- 
bers expressed as the products of primes. For instance, 
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= 2' X 3} 
12 = 2 xX 3! 
94 = 9° X 3} 


He noticed that in all three examples, the final exponent 
was 1. He realized that this was true of all highly composite 
numbers (with only two exceptions, 4 and 36, which can 
be expressed respectively as 2? and 2? X 3”). He noticed, 
too, that in all three of these prime factorizations, 2 is 
raised to an equal or higher power than 3 is. Ramanujan 
generalized this discovery, claiming that in the prime fac- 
torization of any highly composite number, the first expo- 
nent a always equals or exceeds the second exponent 3B, 
which always equals or exceeds any third exponent c, and 
so on. This held for every case he examined. Witness: 


332,640 = 25 X 33 X 51X71 X 11! 

43,243,200 = 2° X 35X52 X 7! X 11! X 13) 

9.948,776,129,600 = 2° X 33X52 X 72 X 111 X 
13! X 17! X 191 X 93! 


Ramanujan wrote up his explorations of highly com- 
posite numbers in a fifty-two-page paper that earned him 
his B.A. from Cambridge in March 1916, the university 
having waived the requirement that he take courses be- 
cause he preferred to sit alone in his room, eating lentils 
and ghee while probing the secrets of primes. The simple 
questions he worked on were endless. “Hardy liked to say,” 
said Erdés, “that every fool can ask questions about prime 
numbers that the wisest man cannot answer.” 

In 1917, Hardy and Ramanujan wrote a paper on so- 
called round numbers, which were composites that had an 
abnormally high number of prime divisors compared with 
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other composites of the same magnitude. One measure of 
a number’s roundness is to count the number of times each 
prime divisor ‘appears in the number’s prime factorization. 
By this measure, 1 million, whose prime factorization 1s 
2° X 5°, has a roundness of 12 (the sum of the exponents 
6 and 6). Composite numbers between 991,991 and 
1,000,010 have on average four prime divisors. So 1 million, 
with three times as many prime divisors, turns out to be 
very round: 


Number Roundness Prime Factorization 
999,991 3 17 X 59 X 997 
999,992 6 OX 72X 9551 
999,993 Q 5%. Sag, gol 
999,994 3 2 X 23 X 21,739 
999,995 2 5 X 199,999 
999,996 5 2? X 3 X 167 X 499 
999,997 2 757K Ng SQA 
999 998 4 2X 31 X 127 
999,999 7 3X 7X 11X13 X37 
1,000,000 12 OSiex 5P 
1,000,001 Q 101 X 9,901 
1,000,002 3 2X 3X 166,667 
1,000,004 5 02 OX aor x 69 
1,000,005 4 3X5 X 163 X 409 
1,000,006 3 27 xX 71,429 
1,000,007 2 29 X 34,483 
1,000,008 8 o> X 3? X17 XK 199% 45 
1,000,009 2 293 X 3,413 
1,000,010 4 2X5X11X 9,091 


Hardy and Ramanujan came up with an asymptotic 
formula for roundness. Twenty-two years later, [irdés, 
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working with Mark Kac, one of the founders of modern 
probability theory, would find a deep connection between 
a number’s roundness and that workhorse of probability 
theory the bell-shaped curve, or normal distribution. It is 
testimony to the power and breadth of mathematics that 
such diverse subjects, prime number theory and probability 
theory, are actually linked. 

Hardy and Ramanujan’s most famous joint paper was 
in the theory of partitions, the ways of representing a given 
whole number 7 as the sum of positive whole numbers. 
The number 5, for example, can be “partitioned” seven 


ways: 
=D 
5=4+ 1 
oe See 
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§5=2¢+0+1 
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As n grows, the number of partitions balloons. For 
n = 10, the partitions number 42. For n = 50, they number 
204,226. For n = 100, they number 190,569,292. And for 
n = 200, a whopping 3,972,999,029,588. In 1918, in a forty- 
page paper on partition theory, Hardy and Ramanujan 
offered a surprisingly accurate asymptotic formula for the 
number of partitions of an integer n. In 1942, Erddés was 
able to show that Hardy and Ramanujan didn’t need to use 
heavy machinery to deduce the first term of their formula, 
that the term could be found by “elementary” methods. 

Klementary techniques are not necessarily simpler. In 
this context, elementary means that the proof of the for- 
mula relies on a restricted set of numbers, the so-called real 
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numbers, which consist of the integers, the rational num- 
bers, and the irrational numbers. The integers include all 
whole numbers: 0, the counting numbers, 1, 2, 3..., and 
the negative counting numbers —1, —2, —3....A rational 
number, from the word ratio, is just a fancy name for a 
fraction, like 2/3 or 3/5. When represented in decimal 
form, a rational number always terminates (like 1/4 repre- 
sented as .25) or resolves itself into a pattern that repeats 
itself over and over (say, 1/3 as .3333333... or 1/7 as 
142857 142857142857142857 ...). An irrational number, on 
the other hand, has a decimal notation that goes on forever 
without a repeating pattern of digits. The irrationals in- 
clude V2 (or 1.4142135623...) and 7 (or 3.145926535...). 
What’s not admitted are so-called imaginary numbers like 
V — 1, which, when multiphed by itself, equals —1. The 
V— 1, also known as 1, is imaginary because it defies the 
conventional wisdom that the multiplication of two posi- 
tives or two negatives is always a positive. Erddés didn’t have 
philosophical objections to imaginary numbers; he just pre- 
ferred to limit his toolkit to the more familiar integers, 
rationals, and irrationals. Erdés was the master of elemen- 
tary methods. When he visited Hardy in 1934, Hardy be- 
heved that the Prime Number Theorem would never yield 
to elementary methods, and that should it ever yield, num- 
ber theory textbooks would have to be thrown out and 
rewritten from scratch. Hardy would die in 1949, only 
months before Erdés and Selberg commandeered elemen- 
tary methods to slay the Prime Number Theorem. 


Erdés’s four years in England were mathematically pleas- 
ant, “but I was very homesick,” he recalled, “so I went 
back to Budapest three times a year, for Easter, Christmas, 
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and the summer.” On the trips home he saw his parents 
and got together with friends like Vazsonyi. 

‘His absence was hard on me mathematically,” said 
Vazsonyi. “I had had no one to talk to. He was the only 
one in our circle who talked to me about the field of math- 
ematics for which I had a natural affinity, the field of 
projective geometry”—the study of the properties of shapes 
that stay the same when the shapes are projected onto sur- 
faces. “Math has fashions. People are interested in certain 
things. In the nineteenth century, volumes and volumes 
were published on elliptic functions.” Then elliptic func- 
tions fell out of favor for decades, until interest surged a 
bit recently in connection with such endeavors as comput- 
ing far-out digits of 7. “Projective geometry was already a 
dead field by the time I came to it,” said Vazsonyi. “I was 
blessed—or should I say cursed?—-with talents in an area 
no one cared about anymore. Except Erdés, who indulged 
my interests.” 

In 1936, on one of Erdés’s visits to Budapest, Vazsonyi 
“was doing research on a classical graph theorem, the Ko- 
nigsberg theorem of Euler, and managed to extend the 
theorem to infinite graphs. I had only the necessary but 
not the sufficient condition,” he recalled. “I used to meet 
with Erdés practically daily and made the fatal mistake of 
telling Erdés on the phone about my discovery. I say fatal 
because he called me back in 20 minutes and told me the 
proof of sufficient condition. ‘Damn it,’ I thought, ‘now I 
have to write a joint paper with him.’ Little did I know 
the fame Erdés number one would bring me.” 

When Erdés left, though, a void set in. “I couldn’t fol- 
low what Turan was working on,” Vazsonyi bemoaned. 
“Then this more-pressing problem came up: how to save 
my life, how to escape from Hungary.” 


PROBLEMS WITH SAM AND JOE 


There is a much quoted story about David Hil- 
bert, who one day noticed that a certain student 
had stopped attending class. When told that the 
student had decided to drop mathematics to 
become a poet, Hilbert replied, “Good—he did 
not have enough imagination to become a 
mathematician.” 


—Robert Osserman 


What men are poets who can speak of Jupiter 
if he were like a man, but if he is an immense 
spinning sphere of methane and ammonia must 
be silent? 


—Richard Feynman 


On March 13, 1938, Austria surrendered to Hitler, bringing 
the Third Reich to the western border of Hungary, a short 
one hundred miles from Budapest. “It was too dangerous 
for me to return to Hungary in the spring,” said Erdds. “I 
did slip back in during the summer. But on September 3, 
I didn’t hke the news—the Czech crisis—so I went back 
to England that evening and was on my way to the United 
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States three and a half weeks later.” He went first 
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to Princeton, New Jersey, for a low-paying fellowship at 
the Institute for Advanced Study. But after one year the 
Institute leadership only renewed his fellowship for six 
months because-they found him uncouth and unconven- 
tional. The irony was that when Erdés looked back on his 
career in 1975, he fondly recalled his late 1930s stay at the 
Institute as his most productive time ever mathematically. 
World peace and tranquility, evidently, were not prereq- 
uisites for his mathematical genius. In 1939, the order of 
the world around him was crumbling, and the safety of his 
family and friends loomed large in his mind. On September 
1, Hitler attacked Poland and World War II broke out. At 
the time Horthy refused to allow German troops to cross 
Hungary on their way to Poland, but his resolve to resist 
the Nazis was wearing down. 

In the 1940s, Erdés collaborated with the set theorist 
Stanislaw Ulam, whom he had met in 1935 in Cambridge, 
England. Like Erdés, Ulam was a child prodigy, who had 
proved before the age of twenty a key result about the 
nature of infinite sets. “When Stan heard that Erdés’s fel- 
lowship at the Institute wasn’t renewed,” recalled his 
widow, Francoise Ulam, “he tried to help him out by in- 
viting him to give a talk in Madison, Wisconsin, where 
Stan was teaching.” Erdos happily took up the offer. 

Erdés in 1941 was “twenty-seven years old, homesick, 
unhappy, and,” wrote Stan Ulam in his autobiography, 
“constantly worried about the fate of his mother who had 
remained in Hungary.” Erdés could no longer correspond 
with her once Horthy made the fateful decision on June 
22 to join the Nazis in attacking the Soviet Union and mail 
between the United States and Hungary was cut off. Erdés’s 
visit to Madison “became the beginning of our long 1n- 
tense—albeit intermittent—friendship,” recalled Ulam. 
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“Being hard-up financially—‘poor,’ as he used to say—he 
tended to extend his visits to the limits of welcome.’”’ On 
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that visit and a subsequent one, “we did an enormous 
amount of work together,” Ulam said, “our mathematical 
discussions being interrupted only by reading newspapers 
and listening to radio accounts of the war or political anal- 
yses.” Erdés’s appearance made an impression on Ulam: 
‘“Erdés is somewhat below medium height, an extremely 
nervous and agitated person... almost constantly jumping 
up and down or flapping his arms. His eyes indicated he 
was always thinking about mathematics, a process inter- 
rupted only by his rather pessimistic statements on world 
affairs, politics, or human affairs in general, which he 
viewed darkly. If some amusing thought occurred to him, 
he would jump up, flap his hands, and sit down again.” 
Ulam left Madison in 1943 to join the physicists at Los 
Alamos, New Mexico, who were secretly building atomic 
weapons. The application of mathematics was new to 
Ulam. He told Otto Frisch, a physicist at Los Alamos, “that 
he was a pure mathematician who used to work entirely 
with abstract symbols, but had now sunk so low that his 
latest report had contained actual numbers, indeed numbers 
with decimal points; that (he pretended) was the ultimate 
disgrace! In fact he had an uncanny skill of using the most 
abstruse and abstract techniques of mathematics for pre- 
dicting the behaviour of an atomic bomb.” Ulam invited 
Erdés to join the war effort and suggested he write to his 
fellow countryman Edward Teller, who had immigrated to 
the United States in 1935. Erdés wrote to “Professor Ed- 
wards” but was disqualified when he made a big point of 
saying that he might return to Budapest after the war. He 
loved tweaking the authorities. To Peter Lax, another Hun- 
garlan emigre at Los Alamos, he fired off a short postcard: 
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“Dear Peter, my spies tell me that Sam is building an 
atomic bomb. Tell me, is that true?” 

According td Richard Bellman, a mathematician at Los 
Alamos, Erd6s came to nearby Santa Fe to plead his case 
for joining them. “He was always strongly anti-Fascist and 
wanted to work at Los Alamos where his great talents 
would have been very useful. Unfortunately, he refused to 
sign a paper saying that he would not talk about the A- 
bomb after the war. Considering all the foreign scientists 
at Los Alamos such a paper was a farce. We took him to 
dinner at the La Fonda, Betty Jo, I, Peter Lax and John 
Kemeny, another young soldier of Hungarian background. 
Erdos spoke in Hungarian about the relatives of Peter and 
John back in Hungary. Then, in loud English he asked, 
‘How is work going on the A-bomb?’”’ 

Even if he had not disclosed that he was homesick for 
Hungary and had promised a vow of silence after the war, 
Erdés probably would not have been invited to Los Alamos. 
The FBI already had a file on him because of a false arrest 
two summers before. Erdés had been picked up on Long 
Island for loitering suspiciously near a military radio trans- 
mitter. His run-in with the G-men made the New York 
tabloids. 3 ALIENS NABBED AT SHORT-WAVE STA- 
TION screamed a Daily News headline on August 15, 1941. 
The Post story, under the more restrained headline FBI 
DEFEATS SPY SCARE: 3 ALIENS JUST STUDENTS, struck a 
bemused tone: 


Riverhead, L.I., Aug. 15—It’s all right about those three 
highly suspicious aliens who were reported to be snoop- 
ing around the Mackay Radio station in Southampton 
yesterday. The FBI says so. The FBI ought to know. It 
questioned them half the night. 

It seems the employees of the station telephoned 
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police to say that a Japanese and two others (they turned 
out to be a Hungarian and an Englishman) were making 
sketches of a 200-foot tower. The three went away in a 
car when they were questioned, said the radiomen. 


FATHER OF ONE A CENSOR 


The three were picked up later in Easthampton 14 
miles away. They said they were Shizuo Kakutani, 29, 
Paul Erdés, 28, and Arthur Harold Stone, 22. 

Kakutani said he was a mathematics student in the 
Princeton graduate school. Erdés said he had a fellowship 
in mathematics. ... Stone said his father was an English 
postal censor and he also was studying at Princeton. 


THEIR FILMS ALL BLANK 


All said they were on their way to a scholastic 
conference in Chicago and decided to stop off and look 
at the Long Island seacoast. All denied any but casual 
interest in the short-wave transmitter of the Mackay Co. 

That’s about all. They are students. They had little 
interest in the transmitter. And the slightly suspicious 
camera found in their car was found to contain 10 ex- 


posed films—all blank. 


“It was a harmless situation,” recalled Erdés. “I cer- 
tainly can’t blame the United States. That was long before 
the McCarthy era, and they all reacted reasonably,” except 
for an overzealous guard, “who wasn’t terribly clever.” 
Stone was taking Erdés and Kakutani on a tour of Long 
Island. They overlooked a NO TRESPASSING sign and drove 
up to what looked hke a radio transmitter but actually may 
have been a secret radar facility. 

The three men got out of the car to stretch and look 
at the ocean. They took a few photos of each other. As they 
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were getting back into the car, the guard told them to 
leave, which they promptly did. He then got spooked and 
reported that three Japanese men had taken notes, snapped 
photos, and “left-with sudden suspiciousness.” Of course, he 
had ordered them to leave, and “there was only one Jap- 
anese,” said Erdds, “we didn’t take any notes, and the pho- 
tographs which we took were people.” They had been 
talking mathematics the whole time, and the guard may 
have been worried because he didn’t understand a word. 

said Erdés, “but they raised a 
nine-state alarm, and looked for us all over. We didn’t sus- 


? 


“It was quite harmless,’ 


pect anything, so we went to the end of Long Island.... 
At lunch we were arrested. At that time, the two detectives 
probably knew that the whole thing is nonsense, because 
they listened to our conversation and they realized that this 
must be all a mistake. But by that time it was too late 
because already the FBI was called.” The FBI wanted to 
know how they could have missed the NO TRESPASSING 
sign. “I was thinking,” Erdés told them. “What about?” 
they demanded. “Mathematics,” he said. “By the evening, 
they cleared up everything,” Erdos recalled, “and we were 
released.... You can find that in many newspapers of the 
time. Only the New York Daily News was unpleasant. 
They claimed that we were seen rowing near a naval base, 
which was a complete invention.” 

In 1943, Erdés took a part-time appointment at Purdue 
University and, as Ulam recalled, “was no longer entirely 
penniless—‘even out of debts,’ as he called it.” At Purdue, 
Erdés had another minor run-in with the authorities. He 
liked to take long walks at all hours of the day and night, 
and the police once stopped him on a midnight stroll. Their 
suspicions were further aroused because he had no ID, no 
driver’s license, nothing with his name on it. “What are 
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you doing?” they asked. “I’m thinking,” he said. “About 
what?” they pressed. “About mathematics,” he said. Puz- 
zled, they let him go. 

At the Purdue math department, Erddés was a star. 
“While he meant much to our group because of his math- 
ematical genius,” recalled Michael Golomb, “he also con- 
tributed greatly to our social life. We all felt socially 
deprived, confined to a small town in a midwestern agri- 
cultural state, far from cosmopolitan centers. Now we had 
among us this man, with his past from European cultural 
centers, his intimate acquaintance with internationally 
known mathematicians, but also his wide interest in sci- 
entific culture and world politics.” The Purdue mathema- 
ticlans gathered once a week with colleagues from other 
departments for an informal talk followed by a lively, free- 
for-all discussion. One time the speaker did not show up, 
‘and no other program had been prepared. Erdés himself 
offered to speak. Extemporaneously, without the aid of 
notes, he gave a fascinating report about some recent re- 
search on the color vision of bees. We were enchanted and 
surprised by this performance; we had not expected that 
Paul had any interest in such matters.” 

The Purdue mathematicians were not the only ones 
who discovered the depths of Erdés’s nonmathematical 
knowledge. Although numbers were his great love, and he 
had a short attention span for everything else, Erdés was 
by no means an idiot savant. In his youth, before he started 
putting in nineteen-hour days doing math, he read about 
history, science, and politics, and what he read stuck with 
him. Years later he would dazzle people with arcane his- 
torical and scientific knowledge. Janos Pach remembers 
when Erdés was introduced to Lajos Elekes, at the guest- 
house of the Hungarian Academy of Sciences in Matrahaza. 
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“What’s your profession?” Erdés began, a standard opening 
question whenever he met someone new (unless that per- 
son was accompanied by an infant, in which case his first 
questions inevitably were, “How old is the epsilon? Is it a 
boss or a slave?”). Many people would be short of words 
upon learning that Elekes was a historian who was writing 
a book about Janos Hunyadi, a fifteenth-century Hungarian 
general. Erdés immediately pressed Elekes on “the causes 
of the catastrophic defeat of the Hungarian army by the 
Turks in the battle of Varna, in 1444.” 


For the first two and half years of World War IJ, Hungar- 
ian Jews did fairly well, despite random acts of anti-Semitic 
violence and various legal and economic restrictions that 
Horthy imposed in order to appease Hitler. But on March 
19, 1944, the Nazis invaded Hungary and with lightning 
speed systematically lquidated Hungarian Jews in what 
Winston Churchill called “probably the greatest and most 
horrible crime ever committed in the history of the world.” 
By July 7 more than 437,000 Jews, 50,000 of them from 
Budapest, had been deported to Auschwitz. That winter, 
20,000 of the 160,000 Jews remaining in the Budapest 
ghetto, where Erdds’s mother had been forced to move, 
were either murdered or brought down by starvation, cold, 
and disease. On February 14, 1945, Soviet troops liberated 
Budapest. In August, Erdés, who had not heard a word from 
his parents since 1941, received a telegram. His mother was 
alive, and his cousin Magda Fredro had survived Auschwitz, 
but the rest of the news wasn’t good. “The Nazis ended 
up murdering four of my mother’s five brothers and sis- 
ters,’ said Erdés, ‘“‘and my father died of a heart attack 
in 1942.” 


103 


The Soviet authorities, who would control Hungary un- 
til 1988, lost no time in replacing the Nazi horror with a 
terror of their own. “Under orders from Stalin to fill quotas 
of prisoners to be sent to the GULAG, the majority never 
to return, the liberators pick men im the streets at random 
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for the malenkii robot (‘small labor’],” wrote Lazlé Babai. 
“Fresh from the ordeal of ‘labor companies’ and Nyilas 
[Hungarian Nazi gang] terror, Turan is stopped by a Soviet 
patrol in Budapest. The officer demands his papers. Having 
escaped from a Nyilas round-up a few days earlier, ‘Turan 
has no proper ID. He does carry, however, a reprint of his 
1935 paper with Erdés, published in the Bulletin of the 
Institute of Mathematics and Mechanics of Tomsk....The 
officer is impressed by the prewar publication in a Soviet 
journal and lets Turan go. ‘An unexpected application of 
number theory,’ Turan reports to Erdés.” (Twenty-eight 
years later, in Los Angeles, number theory would similarly 
save Erdés from U.S. authorities. He was arrested for jay- 
walking, and with no money or ID on him, the police 
threatened to haul him into jail. He showed them his 
weighty volume of collected papers, The Art of Counting, 
with his beaming picture on the frontispiece. They 
shrugged and accepted it as photo ID, and a colleague at 
UCLA, Ramsey theorist Bruce Rothschild, paid the fine.) 
Ulam did not make it through the war years unscathed. 
In the winter of 1945 he was rushed to a hospital in Los 
Angeles, suffering a violent headache, numbness in his 
chest, and slurred speech. “I remembered suddenly Plato’s 
description of Socrates after he was given the hemlock in 
prison,” Ulam later wrote. “The jailor made him walk and 
told him that when the feeling of numbness starting in the 
legs reached his head he would die.” The doctors found 
that Ulam’s brain was severely inflamed, “bright pink in- 
stead of the usual gray.” They gave him antibiotics and 


PROBLEMS WITH SAM AND JOE 


drilled a hole in his skull to relieve the pressure. When the 
swelling subsided and Ulam awoke after a few days of 
postoperative coma, his surgeon tested his mental faculties 
by asking him the sum of 8 and 13. “The fact that he 
asked such a question embarrassed me so much that I just 
shook my head,” recalled Ulam. “Then he asked me what 
the square root of twenty was, and I replied: about 4.4. He 
kept silent, then I asked, ‘Isn’t it? I remember Dr. Rainey 
laughing, visibly relieved, and saying, ‘I don’t know.’” The 
authorities at Los Alamos were also concerned about 
Ulam’s mental state; they worried that while unconscious 
he might have given away atomic secrets. They wondered, 
too, whether exposure to atomic radiation could have 
caused the encephalitis, but concluded that he had never 
been sufficiently close to radioactive material. 

After a few weeks in the hospital, he was strong enough 
to leave. As his wife Frangoise was leading him out of the 
hospital, he was greeted by a perky and happy Erdos: “Stan, 
I am so glad to see you are alive. I thought...1 would 
have to write your obituary and our joint papers. You are 
going home? Good, I can go with you.” Frangoise was 
alarmed by this prospect. “I was afraid he’d tire Stan out,” 
she recalled fifty years later. “For the whole car ride home 
he wouldn't let Stan rest but engaged him in mathematical 
conversation. And as soon as we got home, he challenged 
Stan to chess. At first I was horrified, but then I realized 
that there was method to Erdés’s seeming madness: with 
these mental challenges, he was helping Stan recover his 
mathematical self-confidence.” Stan was nervous about the 
chess game, fearing that he had forgotten the rules. And 
when he won the first game, Ulam worried that Erdés 
might have thrown it on purpose. Erdés wanted a rematch. 
“T agreed,” Stan wrote in his autobiography, “although I 
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felt tired, and won again. Whereupon it was Erdés who 
said, ‘Let us stop, I am tired.’ I realized from the way he 
said it that he had played in earnest.” Erdés stayed at their 
house for two weeks, bombarding Ulam with mathematical 


’ said Francoise. “I 


chestnuts. “The stay was hard on me,’ 
had to care for both of them—but Stan loved his presence 
and I am forever grateful to Erddés for helping Stan regain 
his mathematical equilibrium.” 

Four decades later, Erdés did have to write Ulam’s obit- 
uary, his death in 1984 ending a mathematical collabora- 
tion that had lasted fifty years. “Ulam was always afraid 
of getting old and was rather proud that he could play good 
tennis even when he was over 70,” Erdés wrote. “He was 
really fortunate to have avoided the greatest evils, old age 
and stupidity, and he died suddenly of heart failure without 
fear or pain while he could still prove and conjecture.... 
In the 1001 nights, the king was greeted by ‘O King may 
you lve forever.’ A mathematician and scientist can be 
greeted by the more realistic ‘O Mathematician, may your 
theorems live forever.’ I wish and expect this fate for Stan.” 

Elementary number theory, a subject dear to Erdés, was 
one of Ulam’s earliest mathematical interests. In high 
school Ulam went on the hunt for an odd perfect number 
(of course, he didn’t find one, but neither did anyone else). 
As a “dotigy’—Erdés and Ulam’s term for the antipathy 
of prodigy—Ulam returned to elementary number theory 
somewhat by accident. A year before he died, in 1983, 
Ulam was stuck listening to “a long and very boring paper” 
at a scientific conference. He passed the time doodling and 
found himself scribbling consecutive integers, starting with 
1, in a kind of counterclockwise spiral: 
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100 99 93 BF. 9 95 8 8 8 
65 64 63 62 6h 60 50 58» 57 


66 57°56 35 354 35 32 G1 56 88 
Ym “a 
67 38 17 16 15 14 13 30 55 88 


WA 
68 39 18 5 4 3 12 29 54 87 
Ya AN 


i 
69 4019 6 1 2 11 28 53 86 


—— BT ere 10" ae 
142 21 22 25.7274. 25 26 Jiy oF 
12 43 44 45 46 47 48 #49 #50 83 
43 14°75 WO 77 7S TO SO Si 82 


He was surprised to see that the primes (shown in bold) 
tended to fall on diagonal lines. 

Inspired by this chance discovery, Ulam wrote out other 
square spirals of consecutive integers. The Maniac II main- 
frame at Los Alamos had in its memory the first 90 million 
prime numbers, and the weapons lab had one of the first 
computer graphics facilities. Ulam and two Los Alamos col- 
leagues, Mark Wells and Myron Stein, programmed Ma- 
niac II to plot a square-spiral diagram of all the integers 
up to 10 million. The primes continued their uncanny pref- 
erence for diagonals. 

Since Euclid, the brightest minds in mathematics have 
tried without success to find patterns to the primes and 
formulas for generating them. Could Ulam, with his spiral 
scribbles, be onto something? “Ulam’s doodles in the twi- 
light zone of mathematics are not to be taken lightly,” 
Martin Gardner wrote in 1964. After all, “it was he who 
made the suggestion that led him and Edward Teller to 
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think of the ‘idea’ that made possible the first thermonu- 
clear device.”’ 


In one smaller plot, Ulam put 17 in the center and 
added all the integers from 17 to 272. 


272 271 270 269 268 267 266 265 264 263 262 261 260 259 258 257 


213 212 211 210 209 208 207 206 205 204 203 202 201 200 199 256 


214 161 160 


2ioe62, 117 


216 163 118 


217 164 119 


218 165 120 
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220 167 122 


221 168 123 


222 169 124 


223 170 125 


224 171 126 


159 158 157 156 155 154 153 152 151 150 149 198 255 


116 115 114 113 112 111 110 109 108 107 148 197 254 


81 80 
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19 


18 


25 


40 


63 


94 


50 49 48 47 72 105 146 


31 30 29 46 71 104 145 


28 45 70 103 144 


27 44 69 102 143 


26 43 68 101 142 


41 42 67 100 141 


64 65 66 99 140 


95 96 97 98 139 


225172027 128129 nS0e151 1605155 1354 155 156 137 138 


226 173 174 175 176 177 178 179 180 181 182 183 184 185 


1959252 


194 251 


193 250 


192 249 


191 248 


190 247 


189 246 


188 245 


187 244 


186 243 


227 228 229 230 231 232 233 234 235 236 237 238 239 240 241 242 


Again, the primes fell diagonally in line. Indeed, the 
principal diagonal running from the lower left to the upper 
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nmght wasventirely primes 227, 175, 127, 89,59) 37, 2571'7, 
19, 29, 47, 75,107, 149, 199, and 257. To pritme Stallzens 
these numbers were familiar. In the eighteenth century 
Euler had advanced the formula n? + n + 17, which, for 
successive values of n, yielded primes for n = 0 through 
n= 15. These sixteen primes, in fact, were the ones that 
showed up on the principal diagonal of Ulam’s plot. 


n ae + ge 17= prime 
0 O+ 0+17= 17 
1 PC 44+17= 19 
y) 2+ O4+17= 23 
3 + 3+17= 29 
4. 4+ 4447= 37 
5 e+ 5417= 47 
6 6+ 6+17= 59 
7 2+ 7T+17= 73 
8 e+ 8+17= 89 
9 e+ 9+17= 107 
10 10?+10+17= 197 
11 112+141+17= 149 
12 19° +12 +17= 173 
13 137+ 134+17= 199 
14. 1424+14417= 997 
15 ibe+15+17= 267 


Put n = 16 into the formula n? + n + 17, however, and 
you get a composite number, 289, which is 177. Euler came 
up with another formula n? + n + 41, which, for successive 
values of n from 0 to 39, generates only primes. But it fails 
for n = 40, yielding 1,681, or 41 squared. 

Maniac II showed that Euler’s formula n? + n + 41 was 
surprisingly good, generating primes under 10 million a 
respectable 47.5 percent of the time. Ulam found other 


109 


formulas whose hit rates were almost as good as Kuler’s. 
But to the dismay of prime fans like Erdés, Ulam’s doodles 
ultimately didn’t amount to much. Despite the seeming 
bias of the primes toward diagonals, number theorists 
proved that no formula like Kuler’s can generate only 
primes. Ulam gave up this flight of fancy and in the last 
year of his life resumed his role as an elder statesman of 
the nuclear age, lecturing on the relation of science to mo- 
rality. He was once asked what the world would be like if 
his work at Los Alamos had proved the impossibility of 
building an atomic bomb. The world, he said, would ob- 
viously be a safer place to live, “without the risk of suicidal 
war and total annihilation. Unfortunately, proofs of impos- 
sibility are almost nonexistent in physics. In mathematics, 
on the contrary, they provide some of the most beautiful 
examples of pure logic.” 


Erd6s saw it as his personal mission to help colleagues 
maintain their mathematical edge. When they fell ill, as 
Ulam did, he challenged their minds back to health. Not 
all recoveries were as successful as Ulam’s. Some of his ill 
colleagues regained their mathematical ability but, tragi- 
cally, not their confidence. Jon Folkman was a brilliant 
young mathematician who worked at Rand, the think tank 
in Santa Monica. He was diagnosed with a brain tumor in 
the late 1960s. Evidently it had grown to such a large size 
that the prognosis for surgery wasn’t good. His doctors felt 
that there was little chance they could remove it; or, if 
they could, he might become a vegetable. But against the 
odds the operation was successful. ““Erdés and I visited him 
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in the hospital afterwards,” said Graham. “No sooner had 


we entered the hospital room when Erdés started challeng- 
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ing Jon with math problems. He had just come out of brain 
surgery and he was able to solve the problems! Sure, he 
was answering. a little slowly but he was answering. After 
he went home, though, his personality changed from before 
the procedure. He was a little moodier and he believed he 
was losing his skills. The evidence, though, was that his 
mathematical ability was better than ever. To test himself, 
he’d look through all the open problems in conference pro- 
ceedings and solve them sequentially one by one. That’s 
incredible! Jon, like Gauss, had such high standards he 
never published some of his very good work. One day he 
bought a gun and shot himself. He was thirty-one. It was 
all very sad. His boss at Rand, D. Ray Fulkerson, blamed 
himself for not recognizing the depths of his troubles and 
doing something. ‘Jon’s suicide 1s often on my mind,’ Fulk- 
erson said. Later Fulkerson killed himself too.” 

Even great mathematicians suffer bouts of insecurity, 
fearful that their skills are slipping away or their proofs 
are not as sound or significant as they had thought. Ber- 
trand Russell once shared “a horrible dream” with G. H. 
Hardy. Russell dreamt he was on “the top floor of the 
University Library, about A.D. 2100,” said Hardy. “A library 
assistant was going around the shelves carrying an enor- 
mous bucket, taking down book after book, glancing at 
them, restoring them to the shelves or dumping them into 
the bucket. At last he came to three large volumes which 
Russell could recognize as the last surviving copy of [his 
magnum opus] Principia Mathematica. He took down one 
of the volumes, turned over a few pages, seemed puzzled 
for a moment by the curious symbolism, closed the volume, 
balanced it in his hand and hesitated... .” 

The Austrian logician Kurt Gédel was one of the math- 
ematical giants who lost his confidence, and Erdés tried to 
help him get it back. Erdés met Godel at the Institute for 
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Advanced Study, the logician’s principal home from 1933 
until 1976. “Godel I talked with a great deal,” said Erdés. 
“He was certainly a remarkable intellect. He understood 
everything, even what he didn’t work [on]. It is strange how 
little he published. He could certainly have done more things. 
I always argued with him” because his interests drifted 
toward metaphysics. “We studied Leibniz a great deal and 
I told him, ‘You became a mathematician so that people 
should study you, not that you should study Leibniz.’” 

In 1931, back in Vienna, the twenty-five-year-old Gédel 
stunned the scientific community by tearing asunder the 
very foundations of mathematics. He had managed to prove 
that any formal mathematical system robust enough to in- 
clude the laws of arithmetic would be unable to prove its 
own consistency. His innocently titled paper, “On Formally 
Undecidable Propositions of Principia Mathematica and 
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Related Systems,” skewered Russell’s work on the founda- 
tions of mathematics (so that the librarian of the twenty- 
second century could hold on to Principia Mathematica only 
as a historical curiosity, not as consistent mathematical truth). 
Russell had already delivered the death blow to another 
logician, Friedrich Ludwig Gottlob Frege, so perhaps it was 
only divine retribution that Russell’s work collapsed too. 
Work on the foundations of mathematics was all the 
rage at the turn of the century. Mathematical logicians hke 
Frege and Russell were trying to build up all of mathe- 
matics in a completely rigorous way. The idea was to take 
nothing for granted, to prove everything from first princi- 
ples, to deduce all of mathematics from as few self-evident 
axioms as possible. In building up elementary arithmetic, 
for example, they started with axioms lke the so-called 
commutative law of addition, that addition does not depend 
on the order of the numbers summed. In other words, 
a+ b=b + a(as opposed to subtraction, which is not com- 
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mutative, because a — b doesn’t equal b — a). That they 
even bothered to state such self-evident propositions was a 
testament to their rigorous approach. But they went fur- 
ther, spelling out.the definitions of individual numbers like 
the number 4 rather than taking such definitions for 
granted. In this formal way of thinking, numbers were de- 
fined in terms of sets. What, for example, is the number 
42 Look around you, said Frege, and you'll see fours every- 
where. There’s the set of suits in a deck of cards and the 
set of legs on a chair. Take all the sets with four members 
and put them together in one big set—this set of sets con- 
stitutes the concept of “fourness.” 

All this painstaking work, which might seem better 
directed at finding new mathematical truths, started be- 
cause of a crisis in geometry that mathematicians feared 
might spread to arithmetic. From a handful of seemingly 
self-evident truths—that two points uniquely define a 
straight line; that all nght angles are equal; that a straight 
line extends indefinitely in both directions—Evuclid, in five 
books of his thirteen-volume Llements, proved hundreds of 
geometric theorems about points and lines in a plane; for 
instance, that the sum of the angles of any triangle is 180 
degrees. Euclid had done much more than put geometry 
on a rigorous footing. He offered the solace of certainty for 
souls troubled by uncertainty. For centuries his geometry— 
like the work of Newton, Darwin, Freud, and Einstein— 
took on a life of its own in the popular consciousness of 
Western culture. “Originally viewed as both a tool and a 
model for research in mathematics and other sciences, 7he 
Elements gradually evolved into a basic component of a 
standard education—a piece of intellectual equipment that 
every young student was expected to wrestle with and in- 
ternalize,’ observed the Stanford mathematician Robert 
Osserman in Poetry of the Universe. “In a world full of 
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irrational beliefs and shaky speculations, the statements 
found in The Elements were proven true beyond a shadow 
of a doubt.... The astonishing fact is that after two thou- 
sand years, nobody has ever found an actual ‘mistake’ in 
The Elements—that is to say, a statement that did not fol- 
low logically from the given assumptions.” 

Euclidean geometry reigned for more than two millen- 
nia, but in the backrooms of the palace there were always 
stirrings of discontent. One of Euclid’s self-evident truths, 
the so-called parallel postulate, didn’t seem entirely self- 
evident. The parallel postulate was the idea that given a 
line in a plane, and a point not on that line, you can draw 
through that point exactly one line parallel to the initial 
line. Sounds reasonable enough; but a few cranky empiri- 
cists, while not claiming that the postulate was false, ques- 
tioned how one could be so sure that the lines didn’t 
intersect way out in space. The French mathematician Jean 
Le Rond d’Alembart, in a flight of hyperbole, called this 
“the scandal of geometry.” The situation actually became 
closer to a scandal once mathematicians started replacing 
the parallel postulate with a contradictory axiom. 

In 1829, Nicolai Ivanovich Lobachevsky (immortalized 
in Tom Lehrer’s ballad as a plagiarist, though he was no 
such thing) offered the intuitively strange alternative that 
given a point and a line distinct from the point, at least 
two distinct parallels could be drawn through the point. 
And in 1854, Georg Friedrich Bernhard Riemann proposed 
another contradictory alternative: that there are no parallel 
lines whatsoever, that all lines eventually meet up at in- 
finity! Though defying common sense, each of these alter- 
native geometries, Lobachevskian and Riemannian, seemed 
as internally consistent as Euclidean geometry. In other 
words, none could be thrown out on the grounds of self- 
contradiction. To be sure, the consequences of these new 
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geometries flatly contradicted theorems of Euclidean ge- 
ometry. For instance, in Riemannian geometry, the sum of 
the angles of a triangle is less than 180 degrees. In fact, 
the sum varies with the size of the triangle, and comes 
arbitrarily close to 180 degrees as the triangle gets smaller. 

‘What nonsense!” people thought. “Get out a compass 
and measure the angles of triangles in the real world and 
you'll see that they add up to 180 degrees.” “Don’t be so 
cocky,” the Riemannians responded. “In the real world, the 
triangles you've measured are all small—remember, Earth 
is Just a cosmic speck in the infinite expanse of the uni- 
verse. That’s why the angles of all your triangles seem to 
sum to 180 degrees. And even in your small world, it would 
be small-minded to conclude, given the inevitable impre- 
cision of measurement, that the sum is precisely 180 de- 
grees and not, say, 179.99997 degrees.” It was one thing to 
offer up an alternate to the parallel postulate as an aca- 
demic exercise; it was quite another to claim that tried- 
and-true Euclidean geometry was not actually the geometry 
of nature. Scandalous indeed, non-Euclidean geometry was 
the talk of café society throughout Europe. 

Ivan, the skeptical sibling in Fyodor Dostoyevsky’s The 
Brothers Karamazov (1880), clung to Euclid’s camp: 


If God exists and if he really did create the earth then, 
as common knowledge tells us, he created it according 
to Euclidean geometry, while he created the human 
mind with an awareness of only three spatial dimen- 
sions. Even so, there have been and still are even today 
geometers and philosophers of the most remarkable kind 
who doubt that the entire universe or, even more 
broadly, the entirety of being was created solely accord- 
ing to Euclidean geometry, and who even make so bold 
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as to dream that the two parallel lines which according 
to Euclid can on no account converge upon earth may 
yet do so somewhere in infinity. And so, my lad, I’ve 
decided that if I can’t even understand that, then how 
am IJ to understand about God?... Even if the parallel 
lines converge and I actually witness it, I shall witness 
it and say they have converged, but all the same I shall 
not accept it. 


With geometry in such disarray, logicians like Frege 
were working to shore up arithmetic. In 1902, Frege had 
the satisfied disposition of a man who has just completed 
his major work. The second volume of his book, The Foun- 
dations of Arithmetic, was at the printer, and the advance 
word was good because the first volume had made a splash 
in mathematical circles. Satisfaction gave way to despair, 
however, when he learned from Russell of an unavoidable 
paradox in the concept of a set of sets, the very concept 
that lay at the heart of his program. “A scientist can hardly 
meet with anything more undesirable than to have the 
foundations give way just as the work is finished,” Frege 
said later. “In this position I was put by a letter from Mr. 
Bertrand Russell, as the work was nearly through the 
press.” 

The paradox Russell found had “an affinity with the 
ancient Greek contradiction about Epimenides the Cretan, 
who said that all Cretans are liars”: if Epimenides was tell- 
ing the truth, he was lying, and if he was lying, he was 
telling the truth. “A contradiction essentially similar to that 
of Epimenides,” Russell wrote in his autobiography, “can 
be created by giving a person a piece of paper on which is 
written: “The statement on the other side of this paper is 
false.’ The person turns the paper over, and finds on the 
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other ade: “The statement on the other side of this paper 
us false’ 1: seemed unworthy of a grown man to spend time 
en such twivahdes, but what wes I to do” 


Thinking abewt the paradomea! Gretam led Russel! to 
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A few wears laver. Russell came up with 2 popularized ver- 
mon of his paradox. Imagime the Barber of Seville who 
shaves every man who does noi shave humself. Does the 
Barber of Seville shave humself? If he does. he doem't. and 
if he doem't he does. Try as Frege did. he could not cir- 
cumvent Russell's cunning conundrum about the class of 
zi) classes. 

David Hilbert, the leading mathematiman of the ume. 
was the cheerleader for rebuilding the foundavons of math- 
ematics to punge it once and for all of netthesome pare- 
dGoxes. “What we have expernenced.” Hilbert saad. “with the 
paradoxes of set theory... never will happen again.” Hil- 


beris words were taken es gospel. “Every mathematica! 
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problem can be solved,” he said. “We are all convinced of 
that. After all, one of the things that attracts us most when 
we apply ourselves to a mathematical problem is precisely 
that within us we always hear the call: here is the problem, 
search for the solution, you can find it by pure thought. 
for in mathematics there is no ignorabumus.” 

Russell and Alfred North Whitehead responded to Hil- 
bert's call. Like Frege before them, they tried to build up 
all of mathematics from first principles in three impene- 
trable volumes of Principia Mathematica. The first volume 
was published in 1910. The project went along swimmuingly 
for two decades, until young Gédel derailed it. 

Godel demonstrated that no complex mathematical sys- 
tem was complete. In other words, no matter what axioms 
are chosen, meaningful mathematical statements can be 
made whose truth or falseness can never be demonstrated 
within the system. It was now possible that some of Erdds’s 
prized problems and the open conjectures of other mathe- 
maticlans were immune to proot. Gédel’s second discovery 
was even more devastating. He demonstrated that 1 was 
impossible to prove that any given complex mathematical 
system was consistent. In other words, you can never be 
sure that the set of axioms won't lead to a contradiction. 
On the Richter scale of mathematical discoveries. Gédel’s 
was a 10. That mathematics was incomplete and possibly 
inconsistent was a body blow to those who saw mathemat- 
ics as the most logical of logical systems, and few in the 
field didn’t see it that way. In the wake of Gédel, most 
card-carrying mathematicians still clung to the belief that 
mathematics was in fact free of contradictions, even though 
they now knew they could never prove this. As André Weil, 
number theorist extraordinaire. put it: “God exists since 
mathematics is consistent, and the Devil exists since we 
cannot prove it.” 
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Erdés was in Weil’s camp. He didn’t beliee that con- 
tradictions would show up. As for completenes, there was 
an inexhaustible supply of great problems ou there, and 
they were yielding all the time to hard thinkig, so what 
if a few could never be solved in theory? Erdésvas having 
too good a time solving problems to worry abot the phil- 
osophical underpinnings of his enterprise. 

Russell, on the other hand, was crushed: 


I wanted certainty in the kind of way in whic people 
want religious faith. I thought that certainty ws more 
likely to be found in mathematics than elsewhre. But 
I discovered that many mathematical demongations, 
which my teachers wanted me to accept, wer*full of 
fallacies.... I was continually reminded of te fable 
about the elephant and the tortoise. Having conructed 
an elephant on which the mathematical wor! could 
rest, I found the elephant tottering, and proceded to 
construct a tortoise to keep the elephant from alling. 
But the tortoise was no more secure than the ephant, 
and after some twenty years of very arduous toil. came 
to the conclusion that there was nothing morcthat [ 


could do in the way of making mathematical knaledge 
indubitable. 


Genius though he was, Gédel was not a pos:r boy for 
mathematical sanity. Obsessed with ghosts and dmons and 
an imagined heart ailment, he checked himself 1 and out 
of sanitariums many times in his adult life for reatment 
of depression and acute anxiety. He was alway:a finicky 
eater, but as he got older he ate less and less, rfusing 10 
take food from anyone but his wife Adele, fecing that 
other people were secretly trying to poison himAt sixty- 
four he weighed only eighty-six pounds. In the riddle of 
1977, when Adele was hospitalized for major sigery, he 
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stopped cat altogether, and by the following January 
starved hime f to death at the age of sev enty-one. In his 
dying davs « had serous doubts that his life's work 
amounted tenything more than the discovery of another 
silly paradop 1 la Barber of Seville. He was plagued by 
Russell's nig’ mare of future librarians trashing his work. 

(Godel we not the only one at the Institute who had 
overturned t® foundations of his subject. His fellow resi- 
dem and fried Albert Einstein had done that in physics, 
not onee batame and again. Einstein discovered that light 
was not real a wave but a stream of discrete particles. He 
demonstrate that objects could not be accelerated indefi- 
nitely but wuld bump up against a fundamental limit of 
our ulivenst the absolute maximum speed of an object is 
the speed @aght in a vacuum, 186,282 miles per second. 
He showed at tuime was relative, that clocks in different 
parts of the miverse would tuck at different rates. And it 
was Finsteshund the mathematiaan Hermann Minkowski 
who, mm dé@fuce of everyone's senses, maintained that we 
hve tot my he three dimensions of Fuchd but in four 
dimensrons 

The pas ihty of four dimensions had been broached 
In the tamefenth century at the same ume Fuclid’s parallel 
postulate We crumbling. ‘Talk of paralle! lines meeting had 
opened the loodgates to mind-blowing alternative geo- 
métries, If spite appearances to the contrary, the angles 
of tnangles® the world don’t really sum to 180 degrees, 
people wofered how they could trust their senses that 
they live Wihree dimensions and not, say, four. In 1884, 
Edwin Abbet Abbott, a brilliant theologian and Shake- 
spearean s@)lar, anonymously published the second edition 
of Flatland literary yeu desprit that is at once a sly satire 
of the one mensional thinking of Victorians (their class 
distinctioné«nd their view of women as inferior) and a 
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Erdés was in Weil’s camp. He didn’t believe that con- 
tradictions would show up. As for completeness, there was 
an inexhaustible supply of great problems out there, and 
they were yielding all the time to hard thinking, so what 
if a few could never be solved in theory? Erdés was having 
too good a time solving problems to worry about the phil- 
osophical underpinnings of his enterprise. 

Russell, on the other hand, was crushed: 


J wanted certainty in the kind of way in which people 
want religious faith. I thought that certainty was more 
likely to be found in mathematics than elsewhere. But 
I discovered that many mathematical demonstrations, 
which my teachers wanted me to accept, were full of 
fallacies.... I was continually reminded of the fable 
about the elephant and the tortoise. Having constructed 
an elephant on which the mathematical world could 
rest, | found the elephant tottering, and proceeded to 
construct a tortoise to keep the elephant from falling. 
But the tortoise was no more secure than the elephant, 
and after some twenty years of very arduous toil, I came 
to the conclusion that there was nothing more that [ 
could do in the way of making mathematical knowledge 
indubitable. 


Genius though he was, Godel was not a poster boy for 
mathematical sanity. Obsessed with ghosts and demons and 
an imagined heart ailment, he checked himself in and out 
of sanitarlums many times in his adult life for treatment 
of depression and acute anxiety. He was always a finicky 
eater, but as he got older he ate less and less, refusing to 
take food from anyone but his wife Adele, fearing that 
other people were secretly trying to poison him. At sixty- 
four he weighed only eighty-six pounds. In the middle of 
1977, when Adele was hospitalized for major surgery, he 
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stopped eating altogether, and by the following January 
starved himself to death at the age of seventy-one. In his 
dying days he had serious doubts that his hfe’s work 
amounted to anything more than the discovery of another 
silly paradox a la Barber of Seville. He was plagued by 
Russell’s nightmare of future librarians trashing his work. 

Godel was not the only one at the Institute who had 
overturned the foundations of his subject. His fellow resi- 
dent and friend Albert Einstein had done that in physics, 
not once but time and again. Hinstein discovered that light 
was not really a wave but a stream of discrete particles. He 
demonstrated that objects could not be accelerated indefi- 
nitely but would bump up against a fundamental limit of 
our universe: the absolute maximum speed of an object is 
the speed of hght in a vacuum, 186,282 miles per second. 
He showed that time was relative, that clocks in different 
parts of the universe would tick at different rates. And it 
was Einstein and the mathematician Hermann Minkowski 
who, in defiance of everyone’s senses, maintained that we 
live not in the three dimensions of Euclid but in four 
dimensions. 

The possibility of four dimensions had been broached 
in the nineteenth century at the same time Euclid’s parallel 
postulate was crumbling. Talk of parallel lines meeting had 
opened the floodgates to mind-blowing alternative geo- 
metries. If despite appearances to the contrary, the angles 
of triangles in the world don’t really sum to 180 degrees, 
people wondered how they. could trust their senses that 
they live in three dimensions and not, say, four. In 1884, 
Edwin Abbott Abbott, a brilliant theologian and Shake- 
spearean scholar, anonymously published the second edition 
of Flatland, a literary jeu d esprit that is at once a sly satire 
of the one-dimensional thinking of Victorians (their class 
distinctions and their view of women as inferior) and a 
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glimpse of the fourth dimension by, paradoxically, imag- 
ining the life of beings trapped in two dimensions. 

“J call our «orld Flatland,” begins the narrator of Ab- 
bott’s slim book, “not because we call it so, but to make its 
nature clearer to you, my happy readers, who are privileged 
to live in Space.” Picture intelligent pancakelike aliens con- 
fined to a two-dimensional surface, confined not just phys- 
ically but sensorily—these creatures have no faculties to 
sense anything “off” the surface. Imagine a sphere descend- 
ing on Flatland and passing through it. What will the Flat- 
landers experience? They will not sense its approach or 
know its solidity. They'll experience first contact as a point, 
which will grow into an ever-expanding circle as the first 
half of the sphere cuts through Flatland and then contracts 
back to a point and vanishes as the trailing half of the 
sphere passes through. When a visitor from Spaceland (the 
three-dimensional world) tells the Flatlanders of evidence 
for a third dimension, they fly into a rage—as does the 
Spacelander himself when subsequently presented with ev- 
idence of a fourth dimension. 

Erd6s was once spotted at a party, hunched over on a 
couch, studying Flatland, the only work of fiction he may 
have read cover to cover as an adult. The idea of a fourth 
dimension, even after Einstein made a strong case for it, is 
not easy for our intuition to accept. In 1920, Sir Arthur 
Eddington, the brilliant physicist, confessed that 


however successful the theory of a four-dimensional 
world may be, it is difficult to ignore a voice inside us 
which whispers: “At the back of your mind, you know 
a fourth dimension is all nonsense.” I fancy that voice 
must have had a busy time in the past history of physics. 
What nonsense to say that this solid table on which I 
am writing is a collection of electrons moving with pro- 
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digious speed in empty spaces, which relative to elec- 
tronic dimensions are as wide as the spaces between the 
planets in the solar system! What nonsense to say that 
the thin air is trying to crush my body with a load of 
14 lbs. to the square inch! What nonsense that the star 
cluster which I see through the telescope, obviously 
there now, 1s a glimpse into a past age 50,000 years ago! 
Let us not be beguiled by this voice. It is discredited. ... 


In his years at the Institute, from 1933 to his death in 
1955, Einstein tried unsuccessfully to construct a unified 
theory of gravity and light that would treat both as differ- 
ent manifestations of a single phenomenon. He also worked 
on the foundations of quantum mechanics, the physics of 
the very small. Though he was the king of counterintui- 
tiveness, he could never make his peace with certain par- 
adoxical aspects of quantum mechanics, hke the famous 
Heisenberg Uncertainty Principle, according to which the 
more accurately you know a subatomic particle’s velocity, 
the less you know of its whereabouts. Carrying the prin- 
ciple to the extreme, if you know the velocity precisely, 
you cannot rule out the particle being anywhere in the 
universe. It was in this connection that Einstein invoked 
the deity, serving up his famous sound bite: “God does not 
play dice with the universe.” 

Einstein and Gédel were close friends. Like Erdés, 
Einstein tried to pull Gédel out of his crisis of confidence, 
and succeeded in turning him on to relativity theory for a 
sufficient time to produce one important paper. Mostly, 
though, Einstein tried to keep Gédel out of trouble. Gédel’s 
paranoia led him to see contradictions not just in the foun- 
dations of mathematics but in other hallowed subjects as 
well. While reading the U.S. Constitution in preparation 
for his citizenship examination, Géddel became convinced 
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thot he had found an sieonemtericy that allowed for the 
possibility net of « preadent tut of 2 dictator. Godel was 
rate he had come to America ws avoid dicazrors like Mos- 
colin and Hitler, During Giédel’s oral examination for 
citizenship, Mane had to reerrain hin (interrupting and 
cutiing him off) from sharing with the examiner his ap- 
polling discovery, 

lirdés wpent time at the Instarure with Gédel and Ein- 
stews, although he didnt collaborate with either. “They 
don't have Mrdén number one,” he said, smiling. “I was not 
Close frends with Minstem, but f knew him quite well. At 
hinch onee at his house, | explained to him the Prime 
Nimmber Theorem. Of course, he understood it and said it 
wan mee but be had litte interest in the details.” Eimstein’s 
physies, of Course, was very mathematical, and he is re- 
wponaible for the most famous equation of modern times, 
ki me’, which expresses the idea that energy and mass 
ure equivalent (with ¢ being the speed of light). Most of 
Minstein and = Erdés’s conversations were about politics, 
which, to Minstein’s dismay, occupied more of his time in 
the 1940s than physics did. “We have to divide up our time 
like that, between our politics and our equations,” he told 
Kynust Straus, his mathematical assistant. “But to me our 
equations are much more unportant, for politics are only a 
matter of present concern. A mathematical equation stands 
forever.” 

“L think that the atomic bomb would have been done 
without Einstein,” said Erdds. “He provided the basic under- 
standing but it could have been done without the theory of 
wlativity. | remember asking him in 1945, “Did you think 40 
years age that your fermula £ = mc?’ would have any apphi- 
eaten we your lifetime?’ And Einstein certainly said, ‘No, I 
drat. | expected that we would have an application even- 
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twally, bat met so sven.” The two men also discussed reli- 
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‘mon. anstein definitely did not believe in a personal God,” 
said PMés. “That I know because | asked him.” 

fis was much closer to Ernst Straus than he was to 
inst. Strauss widow, Louise, first met Paul Erdés at 
the atute in 1944. “Il remember that meeting well,” she 
said. aghing, fifty-three vears later. “Ernst left me alone 
with 1m while he went off to work with Einstein. Erdés, 
| quitly learned, had difficulty sittyng still, particularly 
where was doing mathematics. And as | looked after 
him, * was domg a lot of mathematics, which meant he 
was “lking up and down the streets of Princeton, waving 
Ins Winds, gesticulating wildly. Moving his hands appar- 
enti velped him visualize geometric subjects. | couldn't 
keepep with him, not with the mathernatics nor with him 
phytally. He walked quite fast. At some point I lost sight 
of hy and couldn't find him. | was quite worried—I didn’t 
Anos what mv husband would think if I lost one of the 
great mathematical minds of the twenueth century— 
but *ventually found him. He was standing there, knock- 
ing 1 head against a building. He told me he had a head- 
acheapparently from thinking so hard.” 

Wuise and Ernst Straus were newlyweds, and they 
end? up in Princeton because Ernst had just started work- 
ing © Einstein. The great physicist needed to verify things 
mafemnatically, and the Institute provided him with a sti- 
per for an assisvant. “After a lot of prodding by an ac- 
qua vance of Einstein, Ernst mterviewed for the position,” 
Lome Straus recalled. “The interview seemed to go well, 
buft one point Ernst felt compelled to say, ‘! must tell 
yow don’t know relauvity theory.’ “That's all nght, Ein- 
sted replied, smiling, ‘/ know relativity theory.’ Ernst got 
thé >b. From 1944 to 1948, he worked for Einstein. We 
did® have a telephone; Einstein would send over ideas by 
tell yam—maybe the only time the details of relativity 
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theory were telegraphed!” Mostly, though, Einstein was 
pursuing other subjects because he had dreamed up rela- 
tivity forty year§ earlier. ““EKach morning my husband would 
stop by Einstein’s. house on Mercer Street,” Louise Straus 
said, “and walk with him to his office at the Institute. 
Einstein had a large, beautiful office, with nice carpeting 
and a very elegant huge desk in a bay window. But he 
didn’t like to work there. He preferred to work with Ernst 
in a tiny cubicle in the back. He said I could use the big 
office. So I'd sit at his big desk—I was finishing up my 
mathematics degree at Columbia at the time—but it didn’t 
do me any good. Sometimes the head of the Institute would 
stop by to show distinguished guests Einstein at work, and 
there I’d be at his desk! Ernst and Einstein would work 
together until lunchtime. Then Einstein would go home. 
In the afternoon Ernst would finish the morning’s calcu- 
lations, or he’d do his own math, with other Institute guests 
hke Paul Erdés. 

‘“Erdés was always pacing, like he did the first time I 
met him. Years later, after we moved to California, we had 
an Irish setter that would follow him back and forth for 
hours whenever he paced, but Erdés was too engrossed to 
ever notice the dog. Once we were on a plane together, on 
a long trip, from Australia to Los Angeles. I can still picture 
him going up and down the aisle, waving his hands, dis- 
covering mathematical truths. People stared at him the 
whole flight. Then, when we got home, Ernst and I were 
tired and wanted to go to bed, but he was wide awake and 
wanted to continue doing mathematics all night. 

‘We lived in old army barracks at the Institute. Erd6s 
was staying across the street in ‘the bachelors’ quarters,’ 
with eight other people who shared a living room. Ernst 
once asked him who his roommates were. “Trivial beings,’ 
he replied. “Trivial beings.’ That meant they weren’t math- 
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ematicians. When he got tired of the trivial beings, he’d 
just show up at our place, and we never knew how many 
days he was going to stay. I remember during the night 
hearing crashing sounds. The windows had no sash cords. 
If you opened the lock, they’d come crashing down. He was 
such an intelligent man but he could never figure out how 
to gently lower the windows. He was the real absent- 
minded professor. He couldn’t figure out how to manage 
the shower. He could never shut the faucets off. Water ran 
out on the floor. The linoleum buckled, and the door 
wouldn’t shut again. He’d go outside to the pay phone and 
drop coins in it all night, calling mathematicians around 
the world and asking nearby friends to come over to our 
place. ‘I’m at the Straus house,’ he’d tell them. He never 
asked us first if we wanted more guests. He’d just invite 
all the mathematicians over. But, I must say, my husband 
loved it. They knocked all sorts of ideas around. A lot of 
good mathematics came out of it. If Ernst were alive, he’d 
tell you what exciting times those were mathematically. It 
was a heady time at the Institute. Erdés was stirring up a 
lot of research, Einstein was always stimulating, and von 
Neumann was building the first computer. 

“Erdés was staying with us in Princeton when my hus- 
band came down with diabetes in 1948. Paul wanted to 
take insulin, too. Of course, we wouldn’t let him. He was 
furious. The scientific curiosity in him made him want to 
try it. Ernst and I were also learning to drive at the time. 
We wanted to drive cross country, so we bought an old car. 
Paul wanted to drive, too. We wouldn’t let him. If he had 
driven, that would have been it. An accident would have 
ended it all. We had all sorts of arguments. He was very 
insistent. 

“In the summer of 1948, just before we moved to Cal- 
ifornia, we had a party. He always had trouble tying his 
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shoes, and I remember him sticking his foot out at the 
party, asking people to tie his shoe. People joked that we 
were moving té California just to get away from him.” 
Ernst Straus was one of the few people who had the 
opportunity to observe firsthand the differences in style be- 
tween the master physicist and the master mathematician. 
In a tribute to Erdés on his seventieth birthday, Straus said: 
“Einstein often told me that the reason he chose physics 
over mathematics was that mathematics is so full of beau- 
tiful and attractive questions that one might easily waste 
one’s powers in pursuing them without finding the central 
questions. In physics he had the ‘nose’ for the central ques- 
tions and he felt that it was the chief duty of the scientist 
to pursue those questions and not let himself be seduced 
by any problem—no matter how difficult or attractive it 
might be. Erdés has consistently and successfully violated 
every one of Einstein’s prescriptions. He has succumbed to 
the seduction of every beautiful problem he has encoun- 
tered—and a great number have succumbed to him. This 
just proves to me that in the search for truth there is room 
for Don Juans like Erdés and Sir Galahads lke Einstein.” 


On December 2, 1948, Erdés returned to Budapest, his first 
time back after a decade abroad. The trip was bittersweet: 
many of his friends and relatives were dead, but his mother 
and closest friend Paul Turan were alive and well. It was 
then that he met Turan’s future wife Vera Sdés and a five- 
year-old prodigy named Miklos Simonovits, both of whom 
would later rank among his closest collaborators. He had 
to cut short his visit home, though, when Stalin started 
sealing the borders and rounding up civilians for the no- 
torious scripted trials. 
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In February 1949, Erddés slipped out of Hungary. For 
the next three years he went back and forth between En- 
gland and the United States before landing a flexible deal 
at the University of Notre Dame in 1952. He had to teach 
only one class and was assigned an assistant who could take 
over on the spur of the moment should he have the urge 
to rush off and finish a proof with a collaborator. Although 
Erdos rejected organized religion, he didn’t mind teaching 
at a Catholic school. “The only thing that bothered me,” 
he joked, “was that there were too many ‘plus signs.’ ” 
Notre Dame offered to make his appointment permanent 
on the same generous terms. “His friends urged him to 
accept,’ recalled Melvin Henriksen, who met Erdés on his 
fortieth birthday, when Erdés was telling anyone who 
would listen: “Death begins at forty.” 

“At age forty when he began moaning and groaning 
about the SF having one hand on his shoulder,” recalled 
the widow of one of his colleagues, “I remonstrated him 
with, “Paul, if you feel so badly at forty, how will you feel 
at fifty?? His immediate and sad response was ‘Worse.’ ” 

His friends pleaded with him. “We said, ‘Paul, how 
much longer can you keep up a life of being a traveling 
mathematician?’ Little did we suspect,’ Henriksen said, 
“that the answer was in excess of forty years.” Erdés turned 
Notre Dame down, because he didn’t want to be pinned 
down by the responsibilities of a permanent job. 

In July, he wanted to call his mother in Hungary on 
her birthday. To his chagrin, his friends were afraid to let 
him use their phones to call a Communist country. America 
was in the grip of the Red Scare. 

“Then my problems started with Sam and Joe,” Erdés 
said. “I didn’t want to return to Hungary because of Joe. 
In 1954, I was invited to an international mathematics con- 
ference in Amsterdam. Sam didn’t want to give me a re- 
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entry permit. It was the McCarthy era. The immigration 
officials asked me all sorts of silly questions. ‘Does your 
mother have great influence on the Hungarian govern- 
ment? Have you read Marx, Engels, or Stalin?’ ‘No,’ I said. 
‘What do you think of Marx?’ they pressed. ‘’'m not com- 
petent to judge,’ I said, ‘but no doubt he was a great man.’ 
The only intelligent question they asked was, ‘Is it easy to 
leave Hungary?’ They knew of course that the answer was 
no, but they wanted to see what I was going to say. ‘No, 
it isn’t easy, I said. ‘I’m not planning to visit Hungary now 
because I don’t know whether they would let me back out. 
I’m planning to go only to England and Holland.’” 
Although the immigration authorities didn’t like Erdés’s 
answer about Marx, it was his answer to another question 
that apparently troubled them the most. “ “Would you visit 
Hungary 1f you could be sure that you could leave again?’ 
they asked. And I said, ‘Of course, my mother is there and 
I have many friends there.’ But during the McCarthy era 
you couldn’t admit to wanting to visit a Communist coun- 


iy.” 

So they denied him a reentry visa, and he hired a law- 
yer to appeal the decision, only to be refused again. “No 
reason was ever given,” recalled Henriksen, “but his lawyer 
was permitted to examine a portion of the Erdés file and 
found recorded the facts that he corresponded with a Chi- 
nese number theorist named Hua who had left his position 
at the University of Illinois to return to Red China in 1949 
(a typical Erdés letter would have begun: Dear Hua, Let p 
be an odd prime...) and that he had blundered onto a 
radar installation in Long Island... while discussing math- 
ematics with two other noncitizens.”’ The authorities ap- 
parently feared that the letters to Hua, filled with 
impenetrable mathematical symbols, might be coded mes- 


sages. 
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Erdés resigned his position at Notre Dame, forfeited his 
green card, and headed to Amsterdam. “To Erdés,” said 
Henriksen, “being denied the right to travel was like being 
denied the right to breathe.” He never wanted to be re- 
stricted. “I left without a reentry permit,” Erddés said, 
‘which I think was done in the best American tradition: 
that you don’t let yourself be pushed around by the gov- 
ernment.... For many years I couldn’t return.” 

“T met Erdés in Europe after McCarthy kicked him out 
of America,” recalled Anne Davenport, some forty years 
later. “In the taxi on the way home he wanted to find 
something. He had two suitcases with him. That was all 
he had. He opened both, and each was only a third full. 
They contained all of his worldly possessions, and none are 
worth mentioning. When we got home, he wanted me to 
call his mother in Budapest. I asked him what her number 
was. He said that she didn’t have a phone. I asked him 
how he expected me to call. He said her neighbor had a 
phone. I asked him for the neighbor’s number. ‘I don’t 
know,’ he said. “That’s for you to find out.’” 

Always an optimist, Erdés expected that Western Ku- 
ropean countries would be kinder than Sam in letting him 
travel unrestricted. But he met resistance there, too. Hol- 
land, to his disappointment, would give him a visa that was 
good for only a couple of months, and England wasn’t any 
better; those countries too didn’t like him fraternizing with 
Red Chinese. At last Israel bailed him out with a three- 
month appointment at Hebrew University in Jerusalem, 
and it was there that he had to pay out the first monetary 
reward, $20, for the solution to one of his challenges, a 
tantalizing problem in set theory. He became a resident of 
Israel, although he turned down an offer of Israeli citizen- 
ship and kept his Hungarian passport, declaring himself a 
citizen of the world. 
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In 1955, two years after Stalin’s death, Erdés visited 
Hungary when well-connected friends, arguing that Erdés 
was a singular asset to the world culture of mathematics, 
convinced the government to grant him a special passport 
that said he was a Hungarian citizen but acknowledged his 
Israeli residency. (His mother may also have helped lobby 
the Hungarian government; although she was apolitical, 
the Communist regime had a long memory and regarded 
her warmly because she did not join the counterrevolu- 
tionary forces back in 1919 in the effort to topple Béla 
Kun.) The special passport—which was granted only to 
Erdés—allowed him to go in and out of Hungary whenever 
he pleased. In 1956, a pro-democracy revolution in Buda- 
pest was crushed by Soviet tanks. The new Soviet-installed 
dictator, Janos Kadar, who would rule Hungary for 
thirty-two years, reaffirmed Erdés’s unusual passport. 

Erdés had made his peace with Joe—and Janos, as he 
called Hungary after 1956. He could see his mother all he 
wanted and work again with his Hungarian colleagues. He 
and ‘Turan would take breaks from their mathematical col- 
laborations by rewriting classic Hungarian poems. “The 
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central theme of their ‘compositions,’” said Janos Pach, 
‘‘was old age and senility, the two things that terrified them 


most.” Erdés was fond of reciting one couplet in particular: 


One thought disturbs me, that I may decease 
In slowly progressing Alzheimer’s disease. 


‘“Erdés knew that he wasn’t very good at remembering 
names,’ Graham said, “but he often said he’d know he 
really was in trouble when he forgot the name dAlzhei- 


Trees. 
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My own greatest debt to Erddés arises from a 
conversation 30 years ago in the Hotel Parco 
del Principi in Rome. He came up and surprised 
me by saying, “Guy, veel you have a coffee?” I 
don’t drink much coffee, but I was intrigued as 
to why the great man had singled me out. Cof- 
fees were a dollar each, about standard today, 
but then it seemed a small fortune. When we 
got our coffee, Paul said, “Guy, you are een- 
feeneetely reech; lend me $100.” 

I was amazed, not so much at the request, 
but rather at my ability to satisfy it. Once again, 
Erdés knew me better than I know myself. Ever 
since then, I’ve realized that I’m infinitely rich: 
not just in the material sense that I have every- 
thing I need, but infinitely rich in spirit in 
having mathematics and having known Erdos. 


—Richard Guy 


In 1959, Erdés caught Sam in a good mood and was granted 
a special visa to attend a number theory conference in 
Boulder, Colorado. The visa required him to be accompa- 
nied by a fellow mathematician at all times—-which was 
hardly a burden because that was the only company he 


EINSTEIN VS. DOSTOYEVSKY 


ever kept—and to leave the country promptly after the 
conference. 

‘When I returned from the United States in the sum- 
mer of 1959,” recalled Erdés, “I was told that there is a 
httle boy whose mother is a mathematician and who knows 
all there is to be known in high school. I was very inter- 
ested and next day I had lunch with him.... While we had 
lunch and [Louis] Pésa was eating his soup, I told him the 
following problem. Prove that if you have n + 1 integers 
less than or equal to 2n there are always two of them which 
are relatively prime. I discovered this simple result some 
years ago but it took me about ten minutes until I found 
the very simple proof.” 

As an example, choose n to be 5. Then the conjecture 
is that if you take any six integers from the set 1, 2, 3, 4, 
5, 6, 7, 8, 9, and 10, you can’t avoid choosing two that are 
relatively prime (meaning, remember, that they have no 
common divisor greater than 1). The conjecture would fail 
if you were allowed to choose just five of these integers: 
there are five even numbers in this set, namely, 2, 4, 6, 8, 
and 10, all of which obviously share the divisor 2. 

Louis Posa finished his soup and announced, “The two 
are neighbors.” In other words, the two are consecutive. “If 
you have n+ 1 integers less than or equal to 2n,” said 
Erdés, “two of them are consecutive and therefore they are 
relatively prime.” Needless to say, Erdéds was “very much 
impressed.” After he told this story at a lecture, one wit 
commented, “On this occasion champagne would have been 
more appropriate than soup.” Erdés thought that Posa’s 
soup proof demonstrated that the twelve-year-old was on 
the same level as the great Gauss, who at the age of ten 
quickly summed all the integers from 1 to 100. 

Erdés took Pésa under his wing. They got together of- 
ten, and Erdés’s mother plied Posa with cakes and sweet 
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beverages. ““When he was a little over thirteen,” said Erdés, 
“T explained to him Ramsey’s theorem,” and posed a prob- 
lem involving a graph with an infinite number of points 
and an infinite number of edges. Erdés challenged Posa to 
find an infinite subset of this graph in which the points 
are all connected or all disconnected. This is just the infi- 
nite version of the party problem. Is there always either an 
infinite clique within the party all of whose members know 
each other or an infinite subgroup none of whom know 
each other? “It took about fifteen minutes until Posa un- 
derstood it,” said Erdés, “and then he went home, thought 
about it all evening, and before going to sleep he had the 
proof. 

“By the time Posa was about fourteen you could talk 
to him as a grown-up mathematician. I called him on the 
phone and asked him about a problem. If the problem was 
about elementary mathematics, it was very likely that he 
had some relevant and intelligent comment. It is perhaps 
interesting to remark that he had some difficulty with cal- 
culus. ... He never liked geometry. I tried to give him some 
math problems in elementary geometry but he never liked 
them. He always liked to do only what he was really in- 
terested in, but at that he was extremely good.” 

Posa and Erdds wrote their first paper together when 
Posa was fourteen. He did his most famous work, in graph 
theory, when he was fifteen. But by the age of twenty he 
had stopped proving and conjecturing, and was teaching 
grade school. “I often comment sadly,” said Erdds, “that he 
is dead, but I very much hope that he will come back to 
life soon. I got first worried about him when he told me 
when he was sixteen that he rather would be Dostoyevsky 
than Einstein.” 

To the detriment of his mathematics, young Posa was 
also distracted by girls. He asked Erdés why there were so 
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few “girl mathematicians,” and Erdos told him: “Suppose 
the slave children would be brought up with the idea that 
if they are very clever, the bosses will not like them. Would 
there be then many boys who do mathematics?” Posa 
agreed that there wouldn’t be very many. 

If Erdés couldn’t help him with girls, he could turn 
him on to other pleasures. “In Hungary many mathema- 
ticians drink strong coffee,” said Erdos. “At the mathemat- 
ical institute they make particularly good coffee. When 
Posa was not quite fourteen, I offered him a little coffee, 
which he drank with an infinite amount of sugar. My 
mother was very angry that I gave the little boy strong 
coffee. I answered that Pésa could have said: ‘Madam, I do 
a mathematician’s work and drink a mathematician’s 
drink.’ I saw a movie many years ago where a lady sees a 
boy of sixteen drink whiskey with an older man and is 
shocked. The boy says: ‘Madam, I do a man’s work and 
drink a man’s drink.’ ” 

Posa was one of the first students to attend a special 
high-school program for children gifted in mathematics. 
He liked the program so much that he stayed there even 
though his test scores qualified him to leave two years early 
to attend college. He told Erdés that “there are boys in my 
class who are better in elementary mathematics than I.” 

One of these boys was Laszl6 Lovasz, who would be- 
come famous for his work in combinatorics and would 
write seven papers with Erdés. Lovasz only started doing 
serious mathematics late in life, said Erdés, “at the ripe old 
age of nearly seventeen. When Lovasz was still an epsilon, 
in the first year of high school, he and...a fellow math- 
ematician courted the same boss-child, also a mathemati- 
cian and not a bad one as bosses go. ‘The two slave children 
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asked her to choose. She chose Lovasz,” and they got mar- 


ried. But the love story could be improved upon, Erdés 


135 


noted, by having the boss-child answer: “I will choose the 
one who proves the Riemann Hypothesis.” 

Erdés made it his mission to seek out child prodigies 
all over the world. Jézsef Pelikan, who was fifteen when 
they met, said Erdéds nurtured young talent by “pouring 
problems on us as if we were professional mathematicians.” 
The attention paid off. Though a few of his young charges 
“died” prematurely like Pésa, many others grew up to be 
among the leading mathematicians of our time. 

Erdés loved all children, not just the mathematically 
precocious, and doted on the epsilons of his collaborators. 
“People are always taking pictures of me holding babies,” 
he said. In one photo, “the baby looked so content that 
somebody said, ‘Uncle Paul is nursing.’” The younger the 
child was, the deeper his connection. 

Aleksandar Ivi¢’s two-year-old daughter, Natalija, once 
accompanied the two men to a Belgrade park, where they 
sat and tried to fathom the distribution of prime numbers. 
At some point Ivi¢ remembered a quick chore he had to 
do and, at Erdés’s request, with some trepidation left his 
daughter with him. When Ivic returned, the park was 
empty. “No Erdés, no Natalia,” he recalled. “I felt sick in 
the stomach and looked around once, twice, three times.... 
Panic was starting to take over, and dark thoughts of death, 
kidnapping, traffic accidents came to my head.” As he was 
about to call the police, he spotted them across the street. 
“They were walking slowly, Natalija holding Erdés’s hand, 
and they seemed to be talking (in what language I never 
knew!) and smiling at each other.” In Natalija’s other hand 
was candy. The two of them looked perfectly content. “I 
ran toward them and hugged them both. ‘You shouldn’t 
have worried,’ Erdés said with a sly smile, ‘I have my ways 
with children.’ ” 


His memory for children rivaled his memory for math- 
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only when Vera Sos summoned him to the bedside of Paul 
Turan, his childhood friend, who was dying of cancer.) 

In 1964, his mother, at the age of eighty-four, started 
traveling with him. For the next seven years she accom- 
pamied him everywhere except to India, which she avoided 
because of her fear of disease. His mother disliked travel- 


ing—she barely knew a word of English, and Erdés trav- 


eled regularly to English-speaking countries—but she 
wanted to be with him. Wherever he did mathematics, she 
sat qmetly, basking in his gemius. They ate every meal 
together, and at mght he held her hand until she fell 
asleep. “She saw in Paul the world,” Cousin Fredro recalled. 
“He was her God, her everything. They stayed with me in 
1968 or 1969. When they were together, I was nobody. It 
was like I didn’t exist. That hurt me a lot, because I was 
very close to her. She was my aunt, and when I got out of 
Auschwitz, I went first to her home. She fed me and bathed 
me and clothed me and made me a human being again.” 

Erd6és’s mother worried constantly. about his health and 
also fretted over his physical safety. “He was always active,” 
said Vazsony1. “He was always climbing up on walls and 
walking along them lke a balance beam. And if he saw a 
hill, he’d have to run up it to see what was on the other 
side. Whenever he did this, you could see his mother's 
heart palpitating. She was afraid he'd disappear over the 
top!” She never gave up this worry. In the late 1960s, 
Erd6és and his mother stayed with Vazsonyi and his wife in 
Manhattan Beach, Califorma. “Our house was a couple of 
hundred yards from the water. There was an esplanade 
where you could walk. Erdés said he wanted to take a walk 
and his mother was totally opposed to this. She said that 
she didn’t want him to go because she was afraid of what 
would happen if the water came up. This was totally absurd— 


the esplanade was twenty feet higher than the water.” 
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Erdés defied her and went for the walk. “We were waiting 
for him to come back,” recalled Vazsonyi, ‘and the whole 
time she was worried sick about the waves.” She should 
have been worried about his sense of direction instead, be- 
cause ‘“‘he couldn’t have been gone more than ten minutes 
when the phone rang. It was a lady who said she had a 
gentleman show up on her doorstep who said he was vis- 
iting us but was lost and didn’t know how to find his way 
back. I said, ‘Tell him to stand on the esplanade and look 
north and he will see me waving.’ So I walked out and 
sure enough there’s Erddés four or five blocks away. How 
he could have gotten lost on the esplanade, which ran 
straight with no forks, I'll never know.” 

In his adolescent and college years, Erdés’s mother also 
protected him from other women. Vazsonyi remembers a 
time in the early 1930s in Budapest when he was chatting 
with his girlfriend and Erdés in a courtyard below Erdés’s 
apartment. “She and Erdés were having a playful conver- 
sation, when suddenly I heard his mother shouting in an 
alarmed voice from a few stories above, ‘Who is that 
woman?’ She was very relieved to find out that she was my 
girlfriend.” 

Erd6és never did have a girlfriend—or, for that matter, 
a boyfriend. “When he was in his seventies, he told me 
that he never had sex,” said Vazsonyi. “He said he had 
problems on this score. | remember how he put it: “The 
privilege of pleasure in dealing with women has not been 
given to me.” Erdés explained to some of his friends that 
he had a physical abnormality that stood in the way of 
sexual pleasure. “He told me that when blood started flow- 
ing into his penis, it caused him great pain,” said John 
Selfridge. “I don’t think that he went to a sex doctor to get 
it fixed up. I think he went to some doctor years ago who 
explained his condition to him but didn’t tell him that it 
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was correctable. Obviously there are a lot of things that 
doctors can do nowadays that maybe they couldn’t do 
twenty or thirty or forty years ago. But it wasn’t really an 
issue for him. Mathematics was his first love. He never 
came on to women—and he never wanted to.” 

On some occasions when Erdos talked about his sexu- 
ality, he played down his physical problem. “It’s a very 
complicated situation,” Erdés told a journalist when he was 
seventy. “Basically I have a psychological abnormality. I 
cannot stand sexual pleasure. It’s peculiar. You know, I 
have a basic character that I always wanted to be different 
from other people. It’s very, very much ingrained. From a 
very early age I automatically resisted pressure to be like 
others.” 

He abhorred discussions of sex as much as he disliked 
the act itself. “In the 1940s,” said Vazsonyi, “Gerhard 
Hochschild and I spent a lot of time chasing women and 
even more time talking about chasing women. We discov- 
ered that Erdés couldn’t really stand that kind of talk. So 
we went out of our way to talk about women a lot. That 
really annoyed Erdés. ‘Don’t be trivial,’ he’d say.” 

Other friends tormented him with pictures of naked 
women, which he hated to look at. “Once when Erdos 
wanted to play bridge,” recalled Selfridge, “I took out a 
special deck that looked ordinary from the back but had 
seminude girls on the front. Andras Hajnal said Paul 
wouldn’t play with the deck. I told Paul it was all we had 
and that he’d have to avoid looking at anything on the 
cards except the spots because I knew he was not going to 
like the rest. ‘Vot?? he said, examining the cards. “This is 
terrible!’ But after the third or fourth hand, he proudly 
declared, ‘You know, it is definitely possible to avoid look- 
ing at the cards except for the pips.’ ” 

In the late 1940s, during the Chinese civil war, Erdés 
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took part in a food drive for the Communist Chinese. “I 
remember walking into a big room in Los Angeles, at 
UCLA, I think,” said Vazsonyi, “and there was Erdos and 
all these people making packages of food. Some mischief- 
makers who knew of his disgust at naked women offered 
to make a $100 donation if he’d go with them to a bur- 
lesque show.” To their astonishment, he immediately took 
them up on the offer. Afterwards, when they forked over 
the $100, he revealed the secret of his victory: “See! I 
tricked you, you trivial beings! I took off my glasses and 
did not see a thing!” 

Erdés’s eccentricities did not keep women from wanting 
to get naked with him, but they had to settle for a Platonic 
relationship. The most persistent of these women was a 
fellow mathematician, Josephine Bruening, and she was 
only briefly in the picture. “I call her ‘the other woman,’ ”’ 
says Vazsonyi. “His first love, of course, was his mother.” 
In 1962, when Vazsonyi was living in California, he got a 
call from Erdés after not hearing from him for some time. 
“Tt wasn’t unusual to get a call after months of not hearing 
from him,” said Vazsonyi, “although often he wouldn't 
even call first and just showed up unannounced.” This had 
happened previously, “early one Sunday morning... when 
I heard a terrible racket at our door downstairs. Damn it, 
I thought, the newspaper boy is giving me trouble again 
with the Sunday paper. So I lean out the window to give 
him hell, and behold, it is Erdés banging on the door. ‘Why 
didn’t you call me on the phone?’ I asked. ‘Why would I 
do that?’ he said.” But this time he did call ahead. “He told 
me he was at UCLA and asked me to come see him. I went 
and we started to talk. He said, ‘Vazsonyi, you don’t have 
to drive me around anymore.’ And he kept looking over 
his shoulder in an exaggerated sort of way. And I didn’t 
understand the gesture. So I said, ‘Erdés, what does this 
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mean?’ and I imitated his looking over his shoulder. And 
he said, ‘It means that she drives me around.’ So I looked 
behind him and there was this woman sitting there. She 
was Jo Bruening. -Ihat’s the way he introduced me. 

“That Sunday they showed up at our house. I no longer 
had to drive him around, which was a great convenience. 
The two of them were always together.” Like Erdés, she 
could be dogmatic in her politics. “One day we were driv- 
ing to Laguna Beach and stopped on the way to see the 
mission,” said Vazsonyi. “Jo absolutely refused to go into 
the mission because she hated Catholics and there was an 
entrance fee. She said she’s not going to support the Cath- 
olics. But Erdéds had no hang-ups about this, so we went 
inside and he fed the pigeons with my daughter. Then we 
went on to Laguna and that’s when the shit really hit the 
fan because they had only one room for Erdos. ‘They didn’t 
have two rooms for Jo and him. The manager suggested 
that they sleep in the same room. And Erdés got very dis- 
turbed, and said, “That’s impossible.’ ”’ 

Another time a couple arranged for Erdés and Bruening 
to go camping with them in the High Sierras. When Erdés 
found out that he and Bruening would have to share a 
tent, he went ballistic. “I can’t do that,” he ranted, “because 
she has a cold!” When his friends observed that she seemed 
quite well, he blurted out, “I can’t do that because she is 
a woman!” After months of following him around, Brue- 
ning told Vazsonyi’s wife, Laura, that she was tired of being 
Erdés’s chauffeur and was going to dump him. Soon she 
disappeared, and Erdés never mentioned her again. 

But Erdés had no qualms about sharing a room with 
his mother. “I remember once in the 1960s,” said Vazsonyi, 
“getting them a nice two-room suite at a hotel in West- 
wood. It was very clean and pretty, but his mother was 
dissatisfied. ‘It’s dusty,’ she said, even though it wasn’t. We 
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couldn’t figure out what was really bothering her. Erdos 
called the front desk and asked for a cot to be placed in 
the bedroom. As soon as they brought the cot up, her ob- 
jections vanished. He obviously knew her protests about 
lack of cleanliness were a sham. She simply didn’t want 
him to sleep in the other room. We had no idea.” 

In 1971, Erdés’s mother died of a bleeding ulcer in 
Calgary, Canada, where Erdés was giving a lecture. Appar- 
ently, she had been misdiagnosed, and otherwise her life 
might have been saved. Soon afterward Erdés started taking 
a lot of pills, first antidepressants and then amphetamines. 
As one of Hungary’s leading scientists, he had no trouble 
getting sympathetic Hungarian doctors to prescribe drugs. 
“I was very depressed,” Erdés said, “and Paul ‘Turan, an 
old friend, reminded me, ‘A strong fortress is our mathe- 
matics.’”’ Erdés took the advice to heart and started putting 
in nineteen-hour days, churning out papers that would 
change the course of mathematical history. Still, math 
proved more of a sieve than a fortress. Never again could 
he bring himself to sleep in the apartment that he and his 
mother shared in Budapest; he used it only to house visitors 
and moved into a guest suite at the Hungarian Academy 
of Sciences. 

For the rest of his life he’d bring his mother up at odd 
moments. “I was walking across a courtyard to breakfast at 
a conference,” recalled Herb Wilf, a combinatorialist at the 
University of Pennsylvania, “and Erdés, who had just had 
breakfast, was walking in the opposite direction. When our 
paths crossed, I offered my customary greeting, “Good 
morning, Paul. How are you today?’ He stopped dead in 
his tracks. Out of respect and deference, I stopped too. We 
Just stood there silently. He was taking my question very 
seriously, giving it the same consideration he would if I 
had asked him about the asymptotics of partition theory. 
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His whole life was spent thinking hard about serious math- 
ematical questions, and he treated this one no differently. 
Finally, after much reflection, he said: “Herbert, today I am 
very sad.’ And I said, ‘I am sorry to hear that. Why are 
you sad, Paul” He said, ‘I am sad because I miss my 
mother. She is dead, you know.’ I said, ‘I know that, Paul. 
I know her death was very sad for you and for many of 
us, too. But wasn’t that about five years ago?’ He said, ‘Yes, 
it was. But I miss her very much.’ We stood there silently 
for a few awkward moments and then went our separate 
ways.” 
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Dear Ron, 

When Paul Erdés’s mother died, someone 
told me that she was the last of his close living 
relatives. In the end I concluded that you are 
the closest to an intimate family that he leaves. 

Did you ever hear the anecdote about the 
two philosophers discussing the possibility of in- 
telligent life in other parts of the universe? One 
brought up the point that if there were intel- 
ligent life on other planets, they would as likely 
as not be more advanced intellectually than hu- 
mans, and we could expect them to have visited 
Earth. But, he said, ““Where is the evidence of 
their presence?” The other leaned over and 
whispered in his ear, “Shh! Here we call our- 
selves Hungarians.” It is the rare person like 
Erdés who gives a point to such a story. 

So I mourn the passing of this phenome- 
non, this self-sacrificing savant, this superan- 
nuated child-genius. And to you, who have 
invested more than any other person in smooth- 
ing his way in this rough society, I express my 
sympathy and my thanks for all you have done. 

With my sincerest good wishes, 

Gordon Raisbeck 
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saults with double twists.) This evening he was content 
shooting up and down, telling the story of his life. 

Graham was born on Halloween in 1935, in Taft, Cal- 
ifornia, the son of a welder and a burner. “I remember my 
mother, the burner, explaining the distinction,” said Gra- 
ham. “‘Welders put things together, and burners take 
things apart.’” In search of opportunities to weld and burn, 
Graham’s family moved every year or two, following jobs 
in oil fields and shipyards from California to Georgia to 
Florida. “We moved so many times I can’t remember all 
the places we lived. Whole years of my childhood are 
blank. Back then,” he said, softly, “I didn’t always have the 
most fun.” 

It wasn’t fun when his father skipped town when he 
was six, and Graham didn’t see or hear from him again for 
another six years. Then one morning in Berkeley, Califor- 
nia, when Graham was delivering newspapers, which he 
did twice a day to help his mother make ends meet, he 
looked up and saw a familiar man staring at him. “Excuse 
me,” Graham said, “are you my father?” The man gave 
him a nifty pocketwatch and warned him not to tell his 
mother that he was in town. He didn’t want her to come 
after him for money he owed her. 

Navigating between his parents wasn’t easy, and he 
didn’t have many friends to turn to. “When you keep mov- 
ing a lot,” said Graham, “it’s hard to make friends. I had 
only one date in high school. I drove her by a cemetery 
where her boyfriend had been buried three months before. 
She started crying. Needless to say, the date was not a great 
success.” 

Graham has always been a good athlete, although in 
grade school he was small for his age—“‘too small,” he said, 
“to play popular sports like football. So I took up tumbling 
and juggling where being small was not a disadvantage.” 
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(Today, owing to a late growth spurt in college, Graham 
is six feet two, gigantic for a gymnast.) As Graham criss- 
crossed the country, his gymnastics and juggling skills 
made him quick friends with fellow performers. “When 
you see someone juggling five balls, you know that he went 
through the same long learning curve that you did. That 
creates a common bond and instant camaraderie.” 

Compared to Erdés, Graham was a relative latecomer 
to mathematics, and even when he ultimately fell under 
its spell, the path he took to doing it professionally was 
quite circuitous. As a child, he had a good memory for the 
house numbers on his paper routes and had fun playing 
around with them in his head. A fifth-grade teacher, Miss 
Smith, showed Graham how to calculate square roots; he 
found that too easy, so he took it upon himself to extend 
the method to cube roots. At that age, however, he was 
more taken with stars and galaxies than with numbers; 
later he even considered becoming an astronomer, but 
abandoned the notion when he found out that astronomers 
spent more time staring at sheets of data than they did 
peering through telescopes. 

His mathematical curiosity was piqued in seventh 
grade. “We were living then in a housing project in Rich- 
mond, California, which was a big shipbuilding commu- 
nity. Our place had chalkboard walls—you could put your 
hand through them. I was fortunate, though, to have a good 
math teacher, Richard Schwab, who was also my chess 
coach. I still have a photo of him,” Graham said. He 
reached into a box of childhood memorabilia and pulled 
out a faded clipping from a 1947 newspaper. “This is 
Schwab,” he said fondly, pointing to a dapper gentleman, 
deep in concentration, huddled over young Ronnie, who 1s 
playing black for Harry Ells Junior High School in the 
opening game of a match against the California School for 


School portraits of Paul 
Erdos in Budapest— 
unusual because Erdos 
stayed home from school 
most years. His mother, 
Anna, feared that he 
might catch a fatal dis- 


ease from other children. 


C. 1921: lirdos, age 8, 


in one of his mother’s 


favorite pictures. 


\ snapshot taken for Erd6s’s 


passport, which he would use 


in traveling to 25 countries. 


Eom Ourrdes, are 3, 
with his mother at Lake 
Balaton in central Hungary. 


BELOW: Decades later: Erddés 
and his mother relax in 
Matrahaza, at a guest house 
run by the Hungarian 
Academy of Sciences. 


Angust 14, 1941: A bemused Erddés, age 28, and two fellow mathemati 


cians, Arthur Stone and Shizuo Kakutam, after their interrogation by 
the FBI. The three mathematicians were charged with trespassing and 
suspicious loitering near a military radio transmitter on long Island. 
Courtesy Daily News, LP. Photo 


1955: Under Stalin and Lenin’s portraits, Erdos talks with Hungarian 
p g 


elementary school children in Stalinvaros (“Stalintown”), known today 


as Dunaujvaros. 


Erdés liked to lecture, or “preach,” 
as he called it, and he was always at 


home in front of a blackboard. 


Erdos, who put in 19-hour days 
proving and conjecturing, 
denied that he fell asleep during 
mathematics conferences. 

“IT wasn’t sleeping,” he would 
say. “I was thinking.” 
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August 1989: Sleeping or thinking? Erdos is the only one with his head hung 
low in the formal group portrait at the Random Graph Conference im 
Poznan, Poland. (He is seated in the second row, second from the right, 
Graham is next to him, on the end. Joel Spencer is in front of Graham, and 


next to Spencer is Fan Chung.) 


att. 


May 1995: At a reception at Emory University, new honorary-degree hold- 
ers Erdos and Hank Aaron are joined by mathematician Ron Gould (stand- 
ing) and an Emory official. On April 8, 1974, Aaron hit his 715th home run, 
topping Babe Ruth’s 1935 record of 714. The numbers 714 and 715 have a 
special mathematical property—the sums of their respective prime factors 
are equal—a property Erdds succeeded in proving was true of infinitely 
many other pairs of numbers. Courtesy Ron and Madelyn Gould. 


August 1989: At the Random Graph Conference Erdés supervises a “ran- 


dom” race. To begin the race, Erddés tosses a huge die. This determines the 
initial number of laps. But as the mathematicians approach the finish line, 
Erdos throws the die again, specifying an additional number of laps. 
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6s loved epsilous—his word for small children (in mathematicshe 
ek letter epsilon is used to represent small quantities).The pho: of 
Os and the three epsilous was taken in the 1970s in California: he 


on the left, Bobbi, is Andrew Vazsonyi’s daughter. 
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August 9, 1985: A letter from Erd6s noteworthy for the absence of math- 
ematical notation (unlike the five or so mathematical letters he wrote 
every day). Erdés, who gave away most of his money to charities, instructs 


Graham and Chung to contribute $100 to earthquake relief efforts. 


Working with 
Chung and 
Graham ona 
nettlesome 
problem: Erdos 
more than any- 
one else was 
responsible for 
turning mathe- 
matics into a 


social activity. 


1988: At a confer- 
ence in Cambridge, 
England, Chung 
and Erdos taking 
questions after a 
lecture, and 
Graham and Erdés 
contemplating a 


proof. 
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Graham, past president of the International Jugglers Association. 
juggling 12 balls (though the world record is only 9), thanks to the dig- 


ital retouching skills of his daughter, Che. Courtesy Ché Graham 


Graham, unlike Erdés, never 


forsook body for mind. Courtesy 
Ché Graham 


Graham relaxing on his Bungee 
trampoline after a long day at 
AT&T: “You can do mathematics 
anywhere. I once had a flash of 
insight into a stubborn problem in 
the middle of a back somersault 
with a triple twist.” Courtesy Ché 


Graham 


Chung and Graham collaborating 


on their tandem bicycle near 
their home in New Jersey. “Many 
mathematicians,” said Graham, 
“would hate to marry someone in 
the profession. They fear their 
relationship would be too com- 


petitive.” Courtesy Ché Graham 


June 1996: Three months before his death, Erdés explaining 


a mathematical point to Albert Nienhuis at Herb Wilf’s 64th 
birthday conference in’ Philadelphia. Courtesy Stan Magon. 


Vacalester College 
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the Blind. (“And I thought, hey, my opponent’s blind, it 
will be easy to beat him. Wrong!”) Schwab did help Gra- 
ham’s chess—the position in the photo shows that Graham 
had mastered the first three moves in the slow-paced En- 
glish opening—but did even more for his math. 

“T knew algebra and trigonometry,” said Graham, “and 
was confident I could solve any math problem thrown my 
way. But Schwab tried to stump me by posing this prob- 
lem—and I remember it clearly now, fifty years later— 
about finding the size of a population of rats if you know 
that the rats die at a rate proportional to the size of the 
population. You’d hke to know how large the population 
is at some specified time in the future. To solve the prob- 
lem, Schwab said, you need calculus. You need to know 
about integration and differential equations. I had never 
heard of calculus, so I got hold of a calculus textbook and 
read it cover to cover. By the end of the semester, I could 
solve the rat problem. I was delighted with this world of 
mathematics. I was good at it, and mathematics, although 
not a complete refuge for me, was a world unto itself, a 
world that was clear, logical, and self-contained, a world 
that offered certainty.” (Certainty is a word that mathe- 
maticians often use when they try to describe the appeal 
of what they do. “If anything is certain,” Erdés once said, 
“yt would be mathematics. It is absolutely certain.”) 

Graham enjoyed learning on his own. He ended up 
skipping a few grades and, at his mother’s urging, won a 
Ford Foundation scholarship that took him at the age of 
fifteen, in 1951, to the University of Chicago. Chicago was 
a serious place; his classmates, all stars in high school, in- 
cluded Carl Sagan. “The university was in the midst of this 
educational experiment known as the Great Books pro- 
gram,” recalled Graham. “You spent your undergraduate 
years reading Newton and Darwin in the original, reading 
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Plato, and reading Chaucer. I wasn’t allowed to study math 
there because I had placed out of the subject on the en- 
trance exam.” He was enrolled in a club called Acrotheater, 
which combined dance, gymnastics, Juggling, and other cir- 
cus arts. “It was my favorite activity. We went around Chi- 
cago putting on elaborate acrobatic shows at local high 
schools.” 

After three years as an undergraduate, Graham’s schol- 
arship was running out. “It was not going to be renewed,” 
said Graham. “I didn’t have sterling grades. I cared more 
about juggling and the trampoline than I did about the 
Great Books. My father stepped in and offered to contribute 
to my tuition if I switched from ‘the dangerous, leftist’ 
University of Chicago to ‘an all-American school’ he knew 
hike the University of California at Berkeley.” Graham took 
his father up on the offer and enrolled in Berkeley. But 
again he had to put his mathematical ambitions on hold. 
He wasn’t allowed to enter as a math major because he 
hadn’t completed a formal course in calculus. So he ma- 
jored in electrical engineering, while he caught up in math 
and moonlighted as an acrobat. 

At Berkeley, Graham was fortunate to learn number 
theory from Derrick H. Lehmer, who along with his leg- 
endary father, Derrick N. Lehmer, had gone down in the 
mathematical record books for bagging large prime num- 
bers. “During the second semester,’ Graham said, “he 
taught us about the proof of the Prime Number Theorem, 
which hadn’t been out all that long. That was when I first 
learned about Erdés.” After one year at Berkeley, however, 
Graham was worried about the draft. “I wasn’t eligible for 
a student deferment because they wouldn’t give one to 
someone who had been in college for four years with no 
degree. I didn’t have anyone to turn to for advice. I saw 
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this brochure for the air force, and decided to sign up. We 
weren’t at war at the time, and I thought [’d have more 
control if I signed up instead of waiting to be drafted. I 
wanted to become an interpreter or a translator and study 
Russian or Chinese for a few years. It was said that if you 
scored first on the test——and I did score first—you could 
pick your assignment. You could pick anywhere in the 
world. But it turns out that is not the way it works. It turns 
out that you have to know the right person in the division. 
I didn’t know anyone there so I was sent—this was in 
1956—to Alaska, to Eielson Air Force Base about twenty- 
six miles south of Fairbanks, which was a better place to 
be sent, I suppose, than Thule, Greenland. | 

“T was assigned to be a communications specialist, re- 
ally a telephone operator. | worked nights in the Service 
Club. Airmen would come in, usually after payday, have a 
few drinks, and call their families and girlfriends in the 
States. Alaska wasn’t a state then, and sometimes it would 
take two hours to get an open line back to the mainland. 
A phone call cost seven dollars a minute. Nobody else 
wanted to work nights, but I liked it because the days were 
then my own.” One of the things he did with his days was 
to attend the University of Alaska. But once again his plans 
for a formal mathematics education were thwarted; he had 
to settle for courses in physics because the university was 
not accredited in math. 

“I was kind of lonely in Alaska, and [ didn’t like living 
in the barracks. One way you got to live off base was to 
get married. I knew this woman—Leah was her name— 
in Chicago. She was an acrobat. We got along. We were 
pretty close, although I didn’t know her in the biblical 
sense. So I called her up one day and said, ‘Hey, let’s get 
married.’ She said, ‘You’re kidding.’ I said, ‘No, why not?’ 
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Vi yams owt she was engaged Also, ] was naive about what 
vou had ro ado t get marmad——the heemee, the cprenrany, 
the relanves Bat we dd get marmed, m 1957. She oame 
ta Alaska, and we moved into tre basement of a dance 
stacho m Patrbanks anly mx mates fram the wmveraiy ” By 
ISR, thoagh, vrev hed @nitted apart With a degree at lan 
m physes fram the Unowersity of Alaska, Graham per 
saaded the air force w jer ham serve ow the ast fow 
mranths at his fowrvear rour at div at a base m Sacra 
meanra Fram there he returned to Berkefev im Jannan 
1959, 

“1 stal] was musang a for of the math bases.” sard Gra 
ham, “dat ] alewast hed a thesis 11 vweok me a whik 
oavch on t the system.” He agned up for SS Ghern’s class 
om differennahle manifolds, “and an the first dav things 
were mroving prety fast. And the neat day, people m the 
Trant rows were saving, Come on, Io's get an vo the good 
suff Ohern vhonght he was mong too slowly for the 
dlass, sa he really started mpping. 1 rarned out that gred- 
wate students tymeally avdied a course ance or twee before 
taking uw fer credy.” Graham. who was seemeg the course 
maremal far the fret time. hed to werk extra hard At 
Berkeley, Graham met Nancy Young. a fellow math se 
@ent who would booame his second wife. “As Nancy liked 
vo sav. we anly tenk one mathemanes course tagether and 
she got an A and ] gor a RA” To oem monev he formed a 
trampoline troupe, the Bowreng Baers and a pagghng com 
edy act, the Pambhng Frankhns, whieh perfarmed everv. 
where fram tweo-hit stare apenings to carcuses. (“We backed 
into the canredy. My pariner wasn't a great paggier, so we 
had tw add humor to our act”) In 1960, he ved for firs plece 
wn the Cahfarma callegiaie irampolwre champronstiup “| 
love vive trampoline.” sard Graham. “It's a way of letung go 
Bui there are hms w how far TT ket myvseli ga My 1990 
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larger than 7/11? The unit-fraction representation makes 
iteclear that it .1s: 


€ 


55/84 = 1/2 + 1/7 + 1/84 
7/11= 1/2 + 1/8 + 1/88 


“I once asked André Weil, the legendary mathemati- 
cian who is also a superb historian, why the Egyptians did 
this,” said Graham. “And he said, “They took a wrong turn.’ 
I’m glad I didn’t ask him this while I was in the middle 
of my thesis. That would have been discouraging!” The 
Greeks also took the wrong turn (and took another one 
with Roman numerals), and well into the seventeenth cen- 
tury unit fractions persisted throughout Europe as the pre- 
ferred way of representing fractions. In his Natural History, 
Pliny the Elder estimated Europe’s area to be “somewhat 
more than the third and eighth of the whole earth’”—in 
other words, more than 1/3 + 1/8, or 11/24. 

It is trivial to represent a fraction as a sum of unit 
fractions if you’re allowed to repeat terms. The fraction 
4/5, for imetance, becomes 1/5 1/5 F'1/5 + 1/5? Bit 
we require all the denominators to be distinct, as the Egyp- 
tians did, is a unit representation always possible? It wasn’t 
until 1202 that Leonardo Fibonnaci, the greatest European 
mathematician of the Middle Ages, proved that the answer 
was yes. 

It turns out in fact that any ordinary fraction can be 
expressed as a sum of unit fractions in infinitely many 
different ways. Using the identity 1/a=1/(a+1)+ 
1/a(a + 1), which Fibonacci knew, a sum of unit fractions 
can be continuously expanded. For example, 1/2 = 1/(2 + 
1) + 1/272 + 1) = 1/3 + 1/6. Applying the identity again 
to 1/3 expands the expansion: 1/2 = 1/4 + 1/12 + 1/6. 


iss 


And applying it still one more time to 1/4 generates 1/2 = 
b/5 + 1/20 + 1/12 +.1/6, You can do this to your heart's 
content. 

Fibonacci preferred to construct unit fractions by the 
so-called greedy procedure, in which the largest possible 
unit fraction is chosen for each term of the expansion. The 
“oreedy” expansion of 3/7, for instance, yields 


3/7 = 1/3 + 1/11 + 1/231 


(For those who must know the details, you get this expan- 
sion by taking the largest unit fraction less than 3/7— 
namely, 1/3, since 1/2 is a shade bigger than 3/7—and 
subtract the 1/3 from 3/7 to get 2/21. Now the largest 
unit fraction less than the remainder of 2/21 is 1/11. Sub- 
tracting 1/11 from 2/21 leaves, voila, 1/231. Fibonacci 
showed that this greedy procedure always produces a sum 
of fractions that terminates.) 

But no procedure, greedy or otherwise, is known for 
producing the best possible expansion, where “best” means 
that either the size of the largest denominator or the num- 
ber of terms is minimized. In the expansion of 3/7, the 
largest denominator can be held to 21: 


3/7 =1/6 +1/7 + 1/14 + 1/21 


Alternatively, the number of terms can be held to 3. 
For 3/7, the greedy procedure happens to hold the number 
of terms to 3 (namely, 1/3 + 1/11 + 1/231), but there is 
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a “better” three-term expansion in which the largest de- 


nominator is not a whopping 231 but a much smaller 28: 


3/7 =1/4+1/7 + 1/28 


DR. WORST CASE 


For other fractions, the greedy procedure occasionally 
delivers neither the fewest number of terms nor the small- 
est denominator. Although the fraction 5/121 can be effi- 
ciently represented with just three terms 


6/120= 1/85 + 1/759 & 1 /206,725 
the greedy expansion yields the unwieldy 


5/121 = 1/25 + 1/757 + 1/763,308 + 
1 /873,960,180,913 + 
1/7,638,092,437,828,241,151,744 


In 1955, Graham’s instructor, Lehmer, who was wor- 
ried about holding Graham’s interest in class, challenged 
him with a problem that Herb Wilf posted in the 4merican 
Mathematical Monthly: Prove that any ordinary fraction 
with an odd number for a denominator can be represented 
as the sum of unit fractions with odd numbers for denom- 
inators. For example, 2/7 can be represented as 


0/7 =1/6 +1/13 + 1/115 + 1/10,465 


Graham did the problem one better by thinking about 
which fractions could be represented as the sum of unit 
fractions with perfect squares for denominators. Thus, 1/3 
can be expanded to 


1/3 = 1/22 + 1/42 +1/7? + 1/542 + 1/112? + 
1/6402 + 1/4,3022 + 1/10,0802 + 
1 /24,1922 + 1/40,3202 + 1/120,960" 


Graham proved that infinitely many fractions within a 
certain range could be represented by perfect squares. 


e 
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“Lehmer sent my proof to an expert on unit fractions 


> said Graham. “Stein wrote him 


named Sherman Stein,’ 
back that the proof was ‘either the work of a very 
bright graduate student or a brilliant undergraduate.’ 
That was very satisfying, but I was off to the air force.” 

When Graham got out of the air force in 1959, he 
wanted to make sure that his perfect squares conjecture 
really was original, so he sent it to the one man he had 
heard of who kept track of the mathematical literature 
in his head—Paul Erdés—who himself had written 
about unit fractions in 1932. “Erdés wrote back,” said 
Graham, “saying that he hadn’t heard of the result. I 
don’t remember his response exactly but I can imagine 
that he pushed me further. That’s what he always did. 
‘Have you thought not just about perfect squares but 
about higher powers?’ he’d ask. ‘Which fractions can be 
written as the reciprocals of cubes?’ ”’ 

Erdés’s 1932 paper is representative of how mathe- 
matical progress works in number theory, how specific re- 
sults are made increasingly general. In 1915, a man 
named Taeisinger proved that if you add the reciprocals 
of the first n numbers, you never get an integer. In other 
words, 1/1+1/2+1/3+1/4+... + 1/n never sums to 
an integer. In 1918, a man named Kurshchak dropped 
the requirement that the sequence start with 1. Add the 
reciprocals of any m consecutive numbers and you won't 
get an integer. In 1932, Erddés discarded the requirement 
that the numbers be consecutive. They need only be uni- 
formly spaced. Then their reciprocals still won’t sum to 
an integer. For example, 1, 4, 7, 10, 13 have a common 
difference of 3. Erdés’s proof rules out the possibility that 
1/1+1/4+1/7+1/10 + 1/13 sums to an integer and 
shows that it never will no matter how many more terms 
are added to the progression. 
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Thirty-six years later, Graham is still with AT&T in 
New Jersey. Nancy, too, has stayed in the AT&T fold, as 
a high-level systems programmer at Lucent Technologies, 
a spin-off of AT&T, but Nancy and he split up in 1978, 
after nineteen years of marriage. They have two grown 
kids, Marc and Ché, who have stayed clear of mathemat- 
ics for careers respectively in software testing and digital 
imaging. ‘They’ve dabbled in juggling, however, encour- 
aged no doubt by the monetary awards their father of- 
fered. “I told them I'd give them $25 if they could 
juggle three balls for twenty-five throws, $100 for four 
balls, and $1,000 for five balls. ‘What about six balls?’ 
they asked. I said, ‘No way. If you’re crazy enough to 
master five balls, you'll probably learn to do six.’” They 
each won $100, as did the two kids of Fan Chung, whom 
Graham married in 1983. 

Chung, like Graham, is one of the world’s leading in- 
novators in combinatorics. Graduating near the top of her 
class at Taiwan National University, she emigrated from 
Taiwan in 1970. “She entered the University of Pennsyl- 
vania as a graduate student,” said Herb Wilf, who became 
her adviser. “I never paid any attention to the graduate 
students until they got past their qualifying exams. My 
policy then was to go after the best student and try to get 
him to go into combinatorics. The year she took the exam, 
1971, she had the highest score by far—there was a huge 
gap between her and the next best student. So I immed)- 
ately sought her out—I had never spoken to her before— 
and asked her if she knew anything about combinatorics. 
She said she knew a little from her days at Taiwan Na- 
tional University but not too much. I pulled out one of my 
magnetic subjects, Ramsey theory, that is guaranteed to get 
graduate students hooked on combinatorics because it is 
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very pretty stuff. I gave her a book and told her to read 
the chapter on Ramsey theory. We set up an appointment 
in a week to talk about it. When she came to the appoint- 
ment, I asked her how she liked the chapter. She smiled 
and said it was fine. Then she flipped the book open to a 
key theorem and said, gently, ‘I think I can do a little better 
with the proof.’ My eyes were bulging. I was very excited. 
I asked her to go to the blackboard and show me. What 
she wrote was incredible! In just one week, from a cold 
start, she had a major result in Ramsey theory. I told her 
she had just done two-thirds of a doctoral dissertation. 
‘Really?’ she said softly. In fact, the result did become a 
major part of her dissertation.” 

“Many mathematicians,” said Graham, “would hate 
to marry someone in the profession. They fear their rela- 
tionship would be too competitive. In our case, not only 
are we both mathematicians, we both do work in the 
same areas. So we can understand and appreciate what 
the other is working on, and we can work on things to- 
gether—and sometimes make good progress.” Sometimes 
is an understatement; the two have published more than 
fifty important papers together and co-authored a book 
on Erdés-inspired results in graph theory. 


When Chung and I first met, she was the head of math- 
ematical research at Bellcore, a spin-off of Bell Labs that 
supported the regional phone companies after the break- 
up of AT&T. One of my friends from college, a 
mathematician-juggler lke Graham, happened to work 
for Chung. I hadn’t seen him in awhile, so I asked her 
how he was doing. “Stuart is great.” She beamed. “Today 
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he saved the phone companies millions of dollars without 
even knowing itt” Without even knowing it? How could 
that be? Harvard B.A., Stanford M.S., Columbia Ph.D., 
Stuart was not a dumb guy. 

Discoveries in pure mathematics, which can seem un- 
connected to the real world, often turn out to have very 
practical applications, far from the minds of those who 
made them. That was the case with Stuart’s work. His- 
torically, many of the brightest minds in mathematics 
have prided themselves on doing math that has no apphi- 
cations. Math for math’s sake was the rallying cry. They 
feared real-world relevance might distract from the pris- 
tine order and beauty that mathematics laid bare. When 
Euclid was investigating prime numbers, he was proud 
that they contributed nothing practical to Greek life. 
G.H. Hardy, too, reveled in his uselessness. “I have never 
done anything ‘useful,’” he once said, not as an apology, 
but in defiance. “No discovery of mine has made, or is 
likely to make, directly or indirectly, for good or ill, the 
least difference to the amenity of the world.” Hardy was 
a committed pacifist, who proudly claimed that his area 
of expertise, number theory, would never be used by the 
military. But he was wrong. In the past two decades, 
prime numbers, so thoroughly useless for 2,300 years, 
have found a home in the Pentagon as the basis of the 
military’s most secure codes. 

“This is the remarkable paradox of mathematics,” ob- 
served commentator John Tierney. “No matter how deter- 
minedly its practitioners ignore the world, they consistently 
produce the best tools for understanding it. The Greeks 
decide to study, for no good reason, a curve called an el- 
lipse, and 2,000 years later astronomers discover that it de- 
scribes the way the planets move around the sun. Again, 
for no good reason, in 1854 a German mathematician, 
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ernhard Riemann, wonders whe would happen i ne das- 
cards one of the hallowed pestulases of Euchd’s plane ge- 
ometry. He builds a seemingly ridiculous assumpmon that 
it's mot possible to draw two lmes parallel to each other. 
His non-Euclidean geometry replaces Emchd's piame with 2 
bizarre abstraction called curved space. and then. 50 wears 


later, Eimstein announces that this 1s the shape of che aa 


verse. 

Unlike Hardy. Erdés was more accepung of the apph- 
cations of mathematics. even though such apphcanons cid 
not drive his own work. And he was realasuc thet mm math- 
ematics, as in the other sciences. “everythmme thet can be 
used for good things can also be used for bad things. After 
all, the same differential equamnons which govern the spread 
of poison gases also govern how pollutants spread. So one 
can spread poison gases deliberately. Dut also ome cam pre- 
vent spreading of pollunon.” 

But when the interests of Erdos's collearues drifted 
away from pure mathemancs. he made no secrei of his 
disapproval. “When I wasnt sure whether to stay a 
mathematician or go to the Techmical Luiversny and be- 
come en engineer.” Vazsonvi recalled. “Erdés warmed m 
Tll hide, and when vou enter the Technical Unversity. j 
will shoot you. That settled the mater.” When prohabil- 
ity theorist Mark Kac had a paper published im the Jowr- 
nal of Applied Physics based on his work during the war 
at MIT’s Radiation Laboratory. Erdés seni him a one- 
sentence postcard: “J am praying for vour soul.” Erdas 
was “reminding me.” Kac saad, “that ] might be straying 
from the path of true virtue, which. as a matter of fact. 
I wees.” 

Today, the distincion between pure and applred math- 
ematics 1s more muddled than ever. The inventon of the 
computer has fueled the development of many fhelds of 
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mathematics, not because it is easier to do math on a com- 
puter (although sometimes it is) but because the inner 
workings of the computer are essentially mathematical. 
And physics, which has always borrowed the language of 
mathematics to describe the laws of nature, is now return- 
ing the favor by coming up with bizarre new physical ob- 
jects, like the “superstrings” of modern cosmology, that 
demand entirely new mathematics. 

In corporate research labs, like Bellcore and AT&T, the 
answers to very real-world questions may require the de- 
velopment of new mathematical ideas. Graham likes to cite 
an example from the days when AT&T was setting up 
private phone networks for corporate customers that had 
multiple locations. AT&T’s tariffs were heavily regulated, 
and the government decided that the charge for a private 
network should be based not on how calls were actually 
routed through AT&T’s wires but on the (theoretical) min- 
imum length of lines needed to connect the different lo- 
cations. One customer—Delta Air Lines, Graham thinks it 
was——had three main locations that were spaced equally, 
say 1,000 miles, apart. In other words, the three locations 
formed the vertices of an equilateral triangle. AT&T billed 
Delta for 2,000 miles of connecting wire because the short- 
est way to join them seemed obvious: 


But Delta challenged the tariff, pointing out that if 
they opened a fourth office smack in the middle of the 
triangle formed by the other three, the total length of the 
connecting lines would be reduced by about 13.4 percent, 


e 
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to 1,720 miles. Delta had rediscovered a mathematical ob- 
servation first made in 1640 and pursued in the nineteenth 
century by Swiss mathematician Jacob Steiner: 


The AT&T management went into a frenzy. What if 
Delta claimed a fifth office? Could the connecting lines be 
shortened even further? What if all its private-line custom- 
ers started adding ghost offices to reduce the length of the 
connecting lines? How much money would AT&T be out? 
Graham was put on the case. In 1968, two of his Bell Labs 
colleagues conjectured but could not prove that no matter 
the size of the network, the addition of points would never 
save more than 13.4 percent. Graham thought about the 
problem on and off for years, and in the best tradition of 
Erdés, offered $500 for a proof. He didn’t have to pay up 
until 1990, when Frank Hwang, one of his colleagues at 
Bell Labs, and Ding Zhu Du, a postdoctoral student at 
Princeton, delivered the proof: 


On the wall of Graham’s office at AT&T is a photo his 
daughter Che took of him juggling twelve balls. The world 
record is only nine balls. “It was set by a man,” said Gra- 
ham, “who gave up juggling and went into the lawn-care 
business.” Graham can juggle seven balls erratically and 
six consistently, but Ché digitally retouched the photo so 
that her father has a dozen balls in the air. The retouching 
is convincing: The balls cast little shadows on a brick wall 
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behind Graham, and the shadows are blurriest where the 
balls are moving the fastest, at the bottom of their arc, just 
before he’s about to catch them. “I see juggling as a meta- 
phor for many things in my life,” said Graham. “Whenever 
you master a new trick, you can always add another ball. 
Whenever you've proved a new theorem in math, there’s 
always another conjecture waiting to be proved. Erdés 
would never let you rest on the laurels of a proof but would 
point you to the next conjecture.” 

As cosmic justice has it, the chronically overscheduled 
Graham made his mathematical mark at AT&T on prob- 
lems involving scheduling and efficiency. In the mid- 
1960s, Bell Labs was helping the government evaluate 
the Nike missile defense system. “The idea—and I think 
I just got the sanitized version—is that you have to de- 
fend against a lot of missiles coming in at you from all 
over the place. You have to know where they’re coming 
from, what kind of missiles they are, who owns them— 
and you have to process this information fairly quickly 
because you might not get a second chance. You have a 
bunch of machines, a bunch of computer processors that 
are doing the analysis. The machines are pretty stupid 
and operate by simple rules: once a machine starts a task, 
it must finish it; if something more urgent comes along, 
you can’t get a machine to drop a task in the middle. 
And if a machine is idle and could be doing something, 
it must be doing something. You'd think that if you 
added more machines, you'd definitely be able to speed 
up the analysis so that you'd finish sooner, but that’s not 
the case. There are situations where 1f you add machines, 
it actually takes longer and you don’t finish the job as 
soon. That’s not a happy situation: Kaboom! The Defense 
Department wanted some guarantee that no matter what, 
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the machines wouldn’t take longer than whatever.” It 
was Graham’s job to determine just how bad it could be. 
He proved among other things that if you added ma- 
chines, it can never get worse than twice as long. 

Graham did a similar worst-case analysis for NASA. 
In the Apollo Moon missions, said Graham, “they had 
these three machines called astronauts.” They had to per- 
form dozens of tasks, from eating, sleeping, and exercis- 
ing to conducting as many scientific experiments as time 
allowed. The tasks were so numerous that the optimal 
schedule was far from obvious. NASA set a schedule but 
worried about how much it might be improved. The 
space agency officials slept better at might once Graham 
was able to prove that the schedule it had established 
could not be improved upon by more than a few per- 
centage points. 

The Defense Department and NASA wanted a surefire 
method for finding the optimal schedules. In mathematics, 
such a surefire method is called an algorithm, a corruption 
of the last name of the ninth-century Persian number 
cruncher, Abu Ja’far Mohammed ibn Musa al-Khowarizmi, 
whose semantic legacy also includes the word algebra. An 
algorithm is simply a step-by-step procedure (like the 
greedy procedure for creating unit fractions) in which every 
step is explicitly stated so that a problem can be blindly 
solved by man or machine. What makes the Nike and 
NASA scheduling problems so challenging is that there 1s 
no known algorithm—other than the unenlightened, 
brute-force approach of enumerating and checking every 
possibility——for identifying the best schedule. And if the 
number of tasks that needs to be scheduled is sufficiently 
large, brute-force trial and error won’t cut it. Even Deep 
Blue, the wily IBM computer that defeated Gary Kasparov 
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by examining 200 million chess positions per second, would 
be stymied by the myriad possibilities. 

The most famous computational problem that hasn’t 
yielded to a clever algorithm is the traveling salesman 
problem: Given a network of cities and roads, find the 
shortest route that takes a salesman to every city exactly 
once. For a small set of cities and roads, it may be easy to 
find the solution, because there aren’t that many roads to 
inspect. Even for a large network of cities and roads, you 
might get lucky and stumble on the optimal itinerary. But 
the only known method that always guarantees the optimal 
solution amounts to an inefficient, exhaustive search of all 
routes. 

In 1971, Stephen Cook at the University of Toronto 
and Leonid Levin in the Soviet Union independently dem- 
onstrated that the traveling salesman problem, NASA’s 
scheduling dilemma, and hundreds of other seemingly in- 
tractable computational problems are all equivalent math- 
ematically in the sense that if an efficient algorithm exists 
for solving any one of them, all of them can be similarly 
solved. But most mathematicians believe—although they 
haven’t been able to prove—that these problems will never 
yield to an efficient algorithm. The search for a proof of 
these problems’ inherent intractability is one of the holy 
grails of the branch of mathematics known as complexity 
theory. 

With no efficient algorithms in sight, complexity the- 
orists have developed methods for finding less than optimal 
solutions, but solutions nonetheless. Thus they can send 
Willy Loman on his way, even if in theory he could take 
a shorter route. Graham’s employer, while not in the busi- 
ness of dispatching salesmen to sell telephones door to door, 
has many computational challenges that are equivalent to 
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the traveling salesman problem. There’s the problem of 
efficiently routing a phone call through a network, and the 
problem of economically hooking up a host of elements on 
a microchip. Ronald Graham, in his early work at Bell 
Labs, pioneered techniques for determining how far off a 
given solution is from the theoretically optimal one; so 
though he can’t tell you the best answer, he can tell you 
by how much your answer falls short of the optimal. In 
his personal life Graham is unflaggingly optimistic, but he 
has secured his place in mathematical history as the father 
of “worst-case analysis.” 

The worst case for some problems is not always that 
bad. Consider the problem of dividing a group of weights 
into two piles that are as close as possible in total weight. 
Like the traveling salesman problem, this simply worded 
problem is immune to fast algorithms, although it turns 
out to yield to a strategy that finds a good but not the best 
answer. Consider the simple case of five weights, three of 
which weigh 2 pounds each and two of which weigh 3 
pounds each. In this simple case it’s easy to find the exact 
answer by inspecting all the possibilities; the solution is to 
place the three 2-pound weights in one pile and the two 
3-pound weights in the other, so that the piles are of equal 
weight: 


3,3 9.22 


But increase the number of weights dramatically, and 
trial and error is out of the question. In those cases, Gra- 
ham suggests applying the following algorithm: Starting 
with the heaviest weight and working down to the light- 
est, put each weight into the pile that tends at each step 
of the way to keep the weights of the piles as equal as 
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possible. So, in our simple five-weight example, you’d 
start by putting the heaviest weight, a 3-pounder, in one 
pile: : 


Then, to even things out, you’d place the next heaviest 
weight, the other 3-pounder, in the other pile: 


S i) 


Then you'd take the next heaviest weight, a 2-pounder, and 
add it to either pile (since the piles are equal, it obviously 
doesn’t matter which): 


3, 9 3 


Then, to keep things even, you’d add a 2-pounder to the 
lighter pile: 


Syed 5, 2 
Finally, you’d place the remaining 2-pounder in either pile: 
5,2 5, eee 


Now, this algorithm didn’t produce the best solution of 
3, 3 and 2, 2, 2. Nor did it produce such patently lopsided 
divisions as 3, 2, 2, 2 and 3. The heaviest pile the algorithm 
yielded was 1 pound heavier than the optimally heaviest 
pile of 6 pounds. Thus the algorithm was off by a factor 
of 1/6 (about 16 percent). Now—and here’s the kicker— 
Graham was able to prove that for two piles and any dis- 
tribution of weights whatsoever, this easy-to-apply algo- 
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rithm can never be worse off than 16 percent. One can 
imagine trucking magnates happy with the knowledge that 
if their workers packed up two trucks according to Gra- 
ham’s simple instructions, they could never be off by more 
than 16 percent from the most even weight distribution— 
and that even if they brought in smarter workers, they 
could do no better. 

Similar problems come up all the time in industry. 
Many are forms of what is known as the bin-packing prob- 
lem. The idea is to pack a set of items into a set of bins, 
such that the total weight (or total volume) doesn’t exceed 
some number. The problem, notes Graham, occurs in a 
variety of guises: “A plumber must cut a set of pipes of 
different lengths from a minimum number of standard- 
length pipes; a television network would like to schedule 
its commercials of varying lengths in a minimum number 
of program breaks; a paper manufacturer must furnish its 
customers with rolls of paper of different widths that he 
slices from a minimum number of standard rolls.” Graham 
adds another commonplace example: “a person confronting 
a standard postage stamp machine with an armful of as- 
sorted letters in one hand and a handful of quarters in the 
other.” 

The lazy way to tackle the bin-packing problem is to 
take the items in whatever order they come and put each 
one into the first bin it fits in. This first-fit packing algo- 
rithm, as it is aptly called, doesn’t turn out to be very 
effective. In 1973, Jeffrey Ullman at Princeton University 
proved that this algorithm can yield a solution that is off 
by as much as 70 percent. The algorithm performs the 
worst when the larger weights happen to be packed last, 
because new bins will need to be started before earlier bins 
can be filled up. 


Experienced suitcase packers know that if the smaller 
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items are saved for the end, they can be placed in the 
odd gaps in nearly filled luggage. This suggests a smarter 
strategy: order the items from heaviest to lightest, before 
putting each item into the first bin that can accommo- 
date it. Sure enough, this first-fit, heaviest-to-lightest 
algorithm has been shown never to be off by more than 
22 percent. In 1973, David Johnson, a colleague of Gra- 
ham’s at AT&T, succeeded in proving that this strategy 
cannot be beaten in practice, that no efficient bin-packing 
strategy can ever be guaranteed to do better than 22 per- 
cent. That Johnson’s proof took more than seventy-five 
pages is testimony to how thorny worst-case mathematics . 
can be. 

Counterintuitive anomalies abound in bin packing, 
thwarting any straightforward approach. Graham gives an 
example with thirty-three weights: 


442. 262 127 Wo 37 10° AO 
962 262 27 406 57 1 
962 262 42f 86-42 We 9 
22 W7 KH set WW WwW 
Bot 127 400 «40 2. 40 


and bins that have a capacity of 524 pounds. The first-fit, 
heaviest-to-lightest strategy requires seven bins, each filled 
to the 524-pound capacity: 


Bin #1 442 46 12 12 12 

Binh #2 2592 202 10 10 

Din #5 262 252 10 10 

Bina + 262 22 10 «10 

Bam 5 262, AQ? AeF oy 8 

Bm #6 127 (27 Mr TS Se 

Bin’ #7 “106 “10 406° 5 OF 57 


Pad 
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But throw out the 46-pound weight, and the same 
algorithm demands not seven bins but eight! 


Bin #1 442 37 37 (unused capacity: 8) 
Bin #2 252 252 12 (unused capacity: 8) 
pinee > 252 262 Ie (unused capacity: 8) 
Bin #4 252 252 12 (unused capacity: 8) 
Bin 5 202 er 127 10 (unused capacity: 8) 
Binz 12727 “127° 106 10" 10" 10 (unused capacity: 7) 
Bin #7 106 106 106 85 84 10 10 9 (unused capacity: 8) 
Bin #8 9 (unused capacity: 515) 


To appreciate the paradox, imagine you're Imelda Mar- 
cos packing shoes for a weekend away from the palace. You 
pack the shoes from the largest to the smallest, from the 
thigh-high bejeweled boots to the skimpy beach thongs, as 
the algorithm suggests, and find that seven suitcases are 
required. On further reflection, you realize you don’t need 
to take ski boots—you’ll be nowhere near snow—so you 
dump everything out of the suitcases, put the boots aside, 
and carefully repack the rest. Holy Manila, you find that 
with one less item you need an additional suitcase, and the 
shoes, rather than being packed snugly, are rattling around. 
You curse the opposition forces that have put a hex on 
your packing! 

Counterintuitive anomalies also arise in two- 
dimensional versions of bin packing, such as the cookie- 
cutter problem (maximize the number of cookies you can 
cut from a given expanse of dough) and the tiling problem 
(maximize the amount of floor space you can cover with a 
tile of fixed shape and dimensions). The absence of the 
third dimension doesn’t make these problems any easier. 
When the cookies and tiles are irregularly shaped, there is 
no uniform strategy for maximizing the results; the gin- 
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Im Leave January 1987. at Graham's house. Erdés was taxong 
ins hests. “Hes roenatls were bothermg hum. said Graham. 
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“They were really grungy. He wanted Fan to cut them, 
but that’s where she drew the line.” Graham put him on 
a plane to San Antonio to attend the annual conferences of 
the American Mathematical Society (AMS) and the Math- 
ematical Association of America. San Antonio’s mayor, 
Henry Cisneros, then a rising star in Democratic politics, 
had proclaimed Math Day in honor of the 2,575 mathe- 
maticians who had descended on the city. Cisneros’s gesture 
did not advance his cause with the conferees I was with, 
who wondered whether he had ever met a mathematician, 
let alone heard of Paul Erdés. The schedule included meet- 
ings to discuss whether mathematicians should accept “Star 
Wars” money and whether the National Security Agency, 
whose code-cracking needs make it the largest employer of 
mathematicians in the United States, qualified for corporate 
membership in the AMS. But except for a few zealots, most 
of the mathematicians came to San Antonio not to discuss 
ethics and politics but to do mathematics. At physics 
conferences or psychoanalytic meetings, the participants 
do not perform experiments on subatomic particles or prac- 
tice psychotherapy; they just talk about it. At mathematics 
conferences, the attendees actually do mathematics—on 
blackboards, napkins, placemats, and toilet-stall walls, and 
in their minds. 

Erdés rarely attended the scheduled talks at these meet- 
ings, preferring to work simultaneously with several math- 
ematicians in a hotel room. One of the days in San Antonio, 
Erdés had taken over someone else’s room at the Marriott 
and was working on six problems with six different math- 
ematicians, who were sprawled across two double beds and 
the floor. “What about 647? Is it a prime?” asked a man 
who looks like a plump Moses. “I can no longer do them 
in my head.” A woman in a multicolored dress came to his 
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rescue by pulling out a 276-page printout of all the primes 
up to 2 millon 148,933 of them, rangrag firem, 2 Mo 
1,999,993. Suré enough, 647 is on the list. 

Erdés didn’t. seem to be paying attention. He was 
slumped over in a chair, his head in his hands, like an 
invalid in a nursing home. But every few minutes he 
perked up and suggested a line of attack to one of his 
colleagues, who then scrambled to implement the mas- 
ter’s suggestion. The others waited patiently for Erdés to 
have a flash of insight about their problem. Sometimes 
when Erddés raised his head, he fooled them. They leaned 
forward in anticipation of a tip. But instead of sharing a 
mathematical inspiration, he uttered an aphoristic state- 
ment having to do with death—“Soon I will be cured of 
the incurable disease of life,” or, “This meeting, like life, 
will soon come to an end, but the meeting was much 
more pleasant”—and then bowed his head again. No one 
picked up on these comments, and the cycle of mathe- 
matical insights and reflections on death continued all 
morning. 


? 


‘In ten years,” said the man who looks hke Moses, “I 
want you to talk to the SF on my behalf.” 

‘What do you want from the SF?” Erdos asked. 

“IT want to see the Book.” 

‘‘No one ever sees the Book. At most, you get glimpses.” 

Moses turned on the TV. “Television,” Erdés said, “is 
something the Russians invented to destroy American ed- 
ucation.” The news came on, and Ronald Reagan filled the 
screen. “Eisenhower was an enthusiastic but not very good 
golfer,” Erdés said. “Someone said at the time that it was 
okay to elect a golfer, but why not a good golfer? I say, it’s 
okay to elect an actor, but why not a good actor, like Chap- 
lin?” Reagan dissolved, and the newscast switched to a story 
about AIDS. “Both bosses and slaves tell me people are less 
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promiscuous,” Erdés said, ‘“‘but I wouldn’t know.” When the 
conversation strayed from mathematics and death, it was a 
sure sign that Erdés was bored and ready to find new math- 
ematical soulmates. 

Two hours and 5 milligrams of Benzedrine later, Erdés 
was on a flight to Newark, back to Graham’s house. From 
there he was going in quick succession to Memphis, Boca 
Raton, San Juan, Gainesville, Haifa, Tel Aviv, Montreal, 
Boston, Madison, De Kalb, Chicago, Champaign-Urbana, 
Philadelphia, and back to Newark. But Graham called 
Erdés’s attention to a small problem in his schedule: “Two 
mathematicians in different states, Paul, want you to open 
your brain to them at the same time.” 

“You have heard about my mother’s theorem?” Erdés 
said. ‘““My mother said, ‘Even you, Paul, can be in only one 
place at one time.’ Maybe soon I will be relieved of this 
disadvantage. Maybe, once I’ve left, I’ll be able to be in 
many places at the same time. Maybe then Ill be able to 
collaborate with Archimedes and Euclid.” 


MARGINAL REVENGE 


THOMASINA: If you do not teach me the true 
meaning of things, who will? 

SEPTIMUs: Ah. Yes, I am ashamed. Carnal em- 
brace is sexual congress, which is the inser- 
tion of the male genital organ into the 
female genital organ for purposes of procre- 
ation and pleasure. Fermat’s last theorem, 
by contrast, asserts that when z, y, and z are 
whole numbers each raised to power of n, 
the sum of the first two can never equal the 
third when 7 is greater than 2. (Pause.) 

THOMASINA: Eurghhh! 

SEPTIMUS: Nevertheless, that is the theorem. 

THOMASINA: It is disgusting and incomprehen- 
sible. Now when I am grown to practise it 
myself I shall never do so without thinking 
of you. 


—Tom Stoppard, Arcadia, Act 1, Scene 1 


On the warm and cloudy evening of April 8, 1974, Dodger 
lefthander Al Downing threw a high fastball into Hank 
Aaron’s ample strike zone. At 9:07 P.M. Aaron whipped his 
bat and sent the ball arcing deep into left centerfield all 
the way over the fence. The Atlanta hometown crowd of 
53,775 roared as Aaron’s 715th home run eclipsed Babe 
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Ruth’s 1935 record of 714. “I just thank God it’s all over,” 
said Aaron, expressing the same kind of relief a mathe- 
matician might feel after doggedly solving a forty-year-old 
problem. The numbers 714 and 715 had been on the lips 
of Atlanta sports fans for months, recalled University of 
Georgia mathematician Carl Pomerance, and “questions 
like ‘When do you think he'll get 715? were perfectly un- 
derstood, even with no mention made of Ruth, Aaron, or 
home run.” Pomerance was a young assistant professor then 
and he noticed that the product of 714 and 715 was also 
the product of the first seven primes: 


(AgeX 715 = 2KSERKRSKT MUKA X 17 


A student of one of Pomerance’s colleagues also found an- 
other interesting property of 714 and 715: the sum of the 
prime factors of 714 equaled the sum of the prime factors 
of 715. In other words, 


114 = 2K OKT RAT 
flo = 5 X TI 1G 
ST at) TAs Ff TAS Is 


Pomerance called pairs of consecutive integers that had 
this property Ruth-daron pairs. Such pairs were exceed- 
ingly rare. Pomerance ran a computer search on the num- 
bers below 20,000 and came up with only twenty-six 
Ruth-Aaron pairs, ranging from 5 and 6 to 18,490 and 
18,491. Although the pairs thinned out as they became 
larger, as the primes themselves did, Pomerance suspected 
there were infinitely many Ruth-Aaron pairs, but had no 
idea how to prove his hunch. Pomerance wrote up his dis- 
covery in a lighthearted paper in the Journal of Recrea- 
tional Mathematics. Within a week of publication, he 
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received a call from Erdés, whom he had never met. The 
master number theorist said he had proved Pomerance’s 
conjecture and wanted an invitation to Atlanta to demon- 
strate the proof. Their subsequent meeting began a collab- 
oration that resulted in twenty-one papers. 

In 1995, Erdés and Aaron were awarded honorary de- 
grees at Emory University. Like the other honorees, Erdés 
wore a cap and gown, but he also wore his sandals and sat on 
the podium with his head in his hands, doodling during the 
ceremony in one of his mathematical notebooks. Pomerance 
told the home-run king all about Ruth-Aaron numbers. “He 
was a gentle man,” said Pomerance, “and listened patiently 
as I explained that what he did also changed the life of one 
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small mathematician.” Pomerance convinced Erddés and 
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Aaron to autograph a baseball for him. “And thus,” said 
Pomerance, “Hank Aaron has Erdés number one.” 

Erdés and Pomerance did important joint work on 
prime numbers, building on the results of Pierre de Fermat. 
In a letter in 1640, Fermat posed a conjecture without of- 
fering proof: If n is a prime number, then for every integer 
a, the number a” — a is a multiple of n. For example, be- 
cause 3 is a prime, the number a’ — a should be a multiple 
of 3 for every a whatsoever. When a is 2, for instance, 2° — 
2 is 6. So far so good, because 6 obviously is a multiple of 
3. When a is 3, 3° — 3 is 24, which is also a multiple of 3. 
When a is 4, 4° — 4 is 60, which again is a multiple of 3. 
You get the idea: you can keep doing this ad infinitum. 

Fermat’s statement about primes came to be called Fer- 
mat’s Little Theorem, to distinguish it from his notorious 
Last Theorem, but its implications are by no means little. 
Proved by Euler nearly a century later, Fermat’s Little 
Theorem is the basis of most contemporary tests to deter- 
mine whether or not a number is prime. 

To test whether 7 is prime, see if a” — a is a multiple 
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of n for various a’s starting with 2. If the Fermat test fails 
at any point, you know the number is composite. For ex- 
ample, to test ‘whether 9 is prime (and if you’ve made it 
this far in this book, you shouldn’t have any doubt), see if 
2° — 2 is a multiple of 9. Sure enough, 2° — 2 is 510, which 
most certainly isn’t a multiple of 9, so as expected, 9 fails 
the primality test. If a number fails the test, it definitely 
isn’t prime. But if it passes the test, it still might turn out 
not to be prime. 

Twenty-five hundred years ago, Chinese number the- 
orists mistakenly believed that a number 7 is prime if the 
expression 2” — 2 is a multiple of n. So 5 is prime because 
2° — 2 is 30, which is a multiple of 5. And 7 is prime 
because 2’ — 2 is 126, which is a multiple of 7. While no 
composite number below 340 slips through the Chinese test 
as prime, the composite number 341 (11 times 31) does 
evenly divide 2°*! — 2. Is 341 the only prime impostor? Def- 
initely not. There are an infinite number of odd pseudo- 
primes, and in 1950 Derrick H. Lehmer identified the first 
even pseudoprime: 161,038. By 1951, an infinity of even 
pseudoprimes were known to exist. But pseudoprimes can 
be weeded out by running them through the Fermat test 
for other values of a. For example, the trickster 341 fails 
to divide 3**'— 3, and so its true composite nature is 
exposed. 

Is there a composite number 7 that divides not only 
o~ — 0 ue alser3" — 3p 4°— "4. = 6.0" —"0, aad) so"Gn? Gn 
other words, an absolute pseudoprime that fools the Fermat 
test for every value of a? The answer is yes. In 1910, Robert 
Carmichael, an American mathematician, found the first 
and smallest absolute pseudoprime: 561. For every value of 
a, Fermat’s expression a®' — a is a multiple of 561. Called 
Carmichael numbers, these absolute pseudoprimes—such as 
1,105, 1,729, 2,465, 2,821, 10,585, and 15,841—prevent the 
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Fermat test from establishing primality beyond a shadow 
of a doubt. For some time it was hoped that the absolute 
pseudoprimes were finite and few enough in number to be 
enumerated in a list. Then if a candidate prime 7 was not 
on the list and passed the Fermat test for successively larger 
values of a, you could be increasingly confident that n was 
truly prime. In 1956, Erdés sketched a technique for con- 
structing large absolute pseudoprimes and suggested, but 
did not prove, that such impostors come up infinitely often. 
In 1992, Carl Pomerance and two colleagues at the Uni- 
versity of Georgia at long last turned Erdés’s suggestion 
into an ironclad proof. 


Though only a century passed before Euler proved Fermat’s 
Little Theorem, his even simpler-sounding Last ‘Theorem 
would defeat generation after generation of the best minds 
in mathematics for more then 350 years. In the late 1630s, 
Fermat claimed that he had a proof, but tantalizingly kept 
it to himself. The truth of the theorem was not established 
until 1994, when Andrew Wiles at Princeton University 
emerged triumphant from eight years of largely clandestine 
work to articulate a long and difficult proof. Erdés did not 
approve of Wiles’s working in isolation. The theorem 
might have been proved earlier, Erdés felt, if Wiles had let 
the mathematics community in on his work. Wiles appar- 
ently feared that if he hadn’t kept his work secret, others 
might have beaten him to the finish lne or mocked him 
for tilting at windmills like Don Quixote. To throw his col- 
leagues off track all those years, Wiles released a series of 
minor papers. “This is probably the only case I know where 
someone worked for such a long time without divulging 
what he was doing, without talking about the progress he 
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was making,” said Ken Ribet, whose own work was integral 
to Wiles’s proof. “Mathematicians are always in commu- 
nication. Wherf you talk to other people you get a pat on 
the back; people_tell you what you’ve done is important, 
they give you ideas. It’s sort of nourishing and if you cut 
yourself off from this, then you are doing something that 
is probably psychologically very odd.” 

Odd or not, Wiles got the glory for slaying the most 
romantic unsolved problem in number theory. Never has a 
mathematician received more publicity. People magazine 
put him on its list of “The 25 most intriguing people of 
the year,” the Gap offered to pay him to model jeans, and 
Barbara Walters invited him on her show. “Who’s Barbara 
Walters?” asked Wiles, who had gone through life without 
a television. 

The proof was also the subject of fake news stories that 
flooded the e-mail boxes of mathematicians. 


Chicago, July 30. “Math hooligans are the worst,” said 
a Chicago Police Department spokesman. “But the city 
learned from the Bierberbach riots. We were ready for 
them this time.” 

When word hit Wednesday that Fermat’s Last The- 
orem had fallen, a massive show of force from law en- 
forcement at universities all around the country headed 
off a repeat of the festive looting sprees that have 
become the traditional accompaniment to triumphant 
breakthroughs in higher mathematics. 

Mounted police throughout Hyde Park kept crowds 
of delirious wizards at the University of Chicago from 
tipping over cars on the midway as they first did in 
1976 when Wolfgang Haken and Kenneth Appel cracked 
the long-vexing Four Color Problem. Incidents of text- 
book throwing and citizens being pulled from their cars 
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were described by the university’s math department as 
isolated. 


Pierre de Fermat was born in the South of France, in 
1601, the son of a wealthy leather merchant. A smart kid 
who didn’t demonstrate any particular affinity for numbers, 
Fermat was encouraged by his family to join the French 
civil service, through whose ranks he rose to become a 
judge in the service of Louis XIV. By day, Fermat con- 
demned miscreants to be burned at the stake. At night, he 
kept largely to himself because French law discouraged 
him from fraternizing with folks who might later come 
before his court. The hermit nightlife suited him well. He 
pored over ancient history and science texts and discovered 
the world of mathematics. Numbers soon proved to be his 
chief nocturnal love. Even with Fermat’s considerable 
mathematical skills, it would have been difficult for him 
to make a living as a mathematician. In the early seven- 
teenth century, when Europe was emerging from the Dark 
Ages, mathematics was not thought of as a noble profession. 
Those who were mathematically inclined might find em- 
ployment as accountants, working in secret on the financial 
affairs of wealthy merchants. The tradition of clandestine 
work spread even to mathematicians who weren’t cooking 
the books of rich people, and Fermat was no exception. He 
tended to keep his mathematical discoveries to himself, al- 
though he did occasionally like to provoke his colleagues 
by boasting in correspondence that he had proved thus-and- 
such a theorem, withhold the details, and challenge them 
to find the proof. 

In 1637 he was reading a Latin translation of Arith- 
metica, a treatise on number theory penned by a mysterious 
algebraist named Diophantus. Little is known about this 
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ancient Greek thinker except that he lived in Alexandria, 
the leading hub of mathematical activity for seven hundred 
years (from the days of Euclid to the death of Hypatia, the 
first known female mathematician, early in the fifth cen- 
tury). Exactly when Diophantus resided in Alexandria is 
unclear; historians of science usually peg his residence to 
the middle of the third century but concede that the evi- 
dence is so slight that he could have lived in Alexandria 
any time over a five-hundred-year period. 

Diophantus’s Arithmetica originally consisted of thir- 
teen books, only six of which have made it to modern 
times. Some of the volumes may have been lost to the two 
conflagrations that consumed the Library of Alexandria: In 
47 B.C., Julius Caesar torched Cleopatra’s fleet and the 
flames leaped to the nearby library; and in the year 642, 
Muslim invaders who ransacked the city burned many of 
the remaining books. But the six volumes of Arithmetica 
that managed to survive are gems. They show that Dio- 
phantus was even more conservative than Pythagoras; 
while Pythagoras dismissed irrational numbers like the 
square root of 2 but cheerfully admitted fractions to the 
brotherhood of numbers, Diophantus favored whole num- 
bers. He was famous for solving problems, now called Dio- 
phantine equations, that had whole numbers as their 
solutions. 

One such chestnut, preserved in the Greek Anthology, 
a problem book from the fifth or sixth century, gives a rare 


glimpse of Diophantus’s life: 


God granted him to be a boy for the sixth part of his 
life, and adding a twelfth part to this, He clothed his 
cheeks with down. He lit him the light of wedlock after 
a seventh part, and five years after his marriage, He 
granted him a son. Alas! Late-born wretched child; after 
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attaining the measure of half his father’s life, chill Fate 


took him. After consoling his grief by this science of 
numbers for four years he ended his life. 


Aside from providing biographical information on the elu- 
sive Diophantus, the riddle is notable as one of the earliest 
expressions of the sentiment that mathematics can be a 
soothing escape from the harsh realities of life. The in- 
formation in the riddle can be translated into a simple 
algebraic equation, a Diophantine equation, in which D 
represents the age Diophantus lived to: 


D=D/6+ D/12+ D/7+5+D/2+ 4 


Every school kid who paid attention in algebra class knows 
how to solve this equation for D. If the riddle is to be 
believed, Diophantus lived to eighty-four, a ripe old age 
for a man of the third century. 

The riddle equation is said to be of “the first degree,” 
meaning that the variable D is not raised to any power. 
Diophantus himself usually focused on more complicated 
equations, where the variables were squared, cubed, or 
raised to higher powers. In Arithmetica, Diophantus dis- 
cussed at length the Pythagorean theorem: the familiar 
statement that in any right-angled triangle, the square of 
the hypotenuse equals the sum of the squares of the other 
two sides. Diophantus observed that there were an infinite 
number of Pythagorean triplets, whole numbers z, y, and 
z that solved the equation x? + y? = z?. (Tables of numbers 
etched into Plimpton 232, a clay tablet dating from 1900 
B.C., show that the Babylonians actually knew of these trip- 
lets—such as, 3, 4, 5 and 5, 12, 13——a thousand years before 
Pythagoras.) 
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When Fermat read Diophantus’s discussion, he won- 
dered whether or not the same equation had whole number 
solutions for exponents greater than 2. In other words, were 
there any triplets that satisfied the requirement that x° + 
ye =e Or 2° yt — 2 for, Wor that Taare er yr 
z’°7) While there was no limit to the number of solutions 
when the exponent was 2, Fermat made the extraordinary 
claim that for all higher exponents there were absolutely 
no solutions at all. In the margin of his copy of Arithmetica, 
he wrote (translated from the Latin): “It is impossible for a 
cube to be written as a sum of two cubes or a fourth power 
to be written as the sum of two fourth powers or, in gen- 
eral, for any number which is a power greater than the sec- 
ond to be written as a sum of two lke powers.” To this 
far-reaching statement—Fermat’s Last ‘Theorem—he ap- 
pended the comment: “I have a truly marvelous demonstra- 
tion of this proposition which this margin is too narrow to 
contain.” Fermat died in 1665, and his theorem would have 
gone with him to the grave were it not for his eldest son, 
Clement-Samuel, who dusted off his father’s dog-eared 
copy of Arithmetica and published the marginalia in 1670. 

The marginalia caught on, driving scores of number 
theorists to distraction. The names of the men and women 
who tried to prove Fermat’s Last Theorem over the cen- 
turies read like a Who’s Who of Mathematics. Fermat him- 
self did sketch a proof for the case where the exponent was 
4. The great Leonhard Euler fell under the problem’s spell, 
but frustrated by lack of progress, in 1742 he sent a friend 
to search Fermat’s old house for whatever it was that 
wouldn’t fit in the margin. When the friend came back 
empty-handed, Euler buckled down and demonstrated that 
for the case of cubes, no solutions were possible. So x’ + 
y? = 27 and z*+ y= 2 had fallen. What remained were 
an infinite number of other cases: 
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at yi = 25 
xo + y® = 2° 
git+y?=27 
a8 + y8 = 28 


and so on. 


The next real progress was made by Sophie Germain, 
who was born in Paris in 1776, the daughter of a wealthy 
banker. When the French Revolution raged in the streets of 
Paris in 1789, Germain was confined to the safety of her 
home, where she passed the days in her father’s library. 
There the thirteen-year-old was drawn to mathematics by a 
romantic account she read of Archimedes’ death. The man 
from Syracuse was said to be sitting on the ground, contem- 
plating geometric figures sketched in the dirt, unaware of a 
Roman assault on his city. A soldier came up from behind 
him and defiantly stomped on his figures. “Don’t step on my 
circles!” Archimedes protested, whereupon the soldier drew 
his sword and executed the seventy-five-year-old mathema- 
ticlan. Germain wanted to devote herself to a subject that 
could be so engrossing it would distract from dangers to life 
and limb, like the Reign of Terror just outside her house. 

Germain’s parents, however, were not encouraging. 
They hid the math books because they shared the middle- 
class view of the time that ladies should not bother them- 
selves with numbers. Germain found the books and pored 
over them, away from disapproving eyes, in the middle of 
the night. When her parents caught on, they took extreme 
steps to thwart her. Once she was in bed, they evidently 
made it harder for her to get out from under the covers by 
taking away her clothes as well as the sources of heat and 
hight. But when she defeated them again, with a secret 
stash of candles, they came to tolerate her passion for math 
and eventually even support it. 
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French society was slower to become enlightened. 
Women were banned from the Ecole Polytechnique, which 
opened in 1794, but the resourceful eighteen-year-old man- 
aged to get hold-of the lecture notes. Passing herself off as 
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‘“‘Antoine-August Le Blanc,” a promising student who had 
dropped out of the Ecole Polytechnique, she started corre- 
sponding with leading mathematicians. In her twenties, 
Germain came up with a general technique for proving a 
special case of Fermat’s Last Theorem in which the expo- 
nent 7 was a certain kind of prime number. (In the mathe- 
matical literature, such primes—which have the property 
that if you double them and add 1, you get another prime— 
came to be called Sophie Germain primes. The first Sophie 
Germain prime 1s 2, because 2 doubled plus 1 is 5, which is 
prime. The largest-known Sophie Germain prime, discov- 
ered on January 19, 1998, weighs in at 5,122 digits. It is equal 
to 92,305 X* 2'°°°8 + 1, which means that doubling 92,305 
g'e998 + 1 and adding 1 yields another prime: 92,305 X 
216.999 + 3, Whether the supply of Sophie Germain primes is 
inexhaustible, like the primes themselves, is not yet known.) 

Under her masculine nom de plume, Germain shared 
her work on Fermat’s Last Theorem in a letter to Univer- 
sity of Gottingen professor Carl Gauss, one of the most 
famous mathematicians and astronomers of the day. The 
letter began with an apology: “Unfortunately, the depth of 
my intellect does not equal the voracity of my appetite, 
and I feel a kind of temerity in troubling a man of genius.” 
Gauss wrote back with words of encouragement: “I am de- 
lighted that arithmetic has found in you so able a friend.” 

Gauss did not learn of her true identity until 1807. 
When Napoleon’s forces moved into Prussia, Germain 
feared that Gauss might come to the same end as Archi- 
medes, so she asked a commander she knew in the French 
Army to ensure his safety. He sought out Gauss and told 
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him that his hfe was safe on account of the intercession of 
one Sophie Germain. Gauss had no idea who his mysterious 
benefactor was until Germain admitted her deception in a 
subsequent letter. Gauss was delighted by the turn of 
events: “A taste for the abstract sciences in general and 
above all the mysteries of numbers is excessively rare.... 
But when a person of the sex which, according to our cus- 
toms and prejudices, must encounter infinitely more diff- 
culties than men to familiarize herself with these thorny 
researches, succeeds nevertheless in surmounting these ob- 
stacles and penetrating the most obscure parts of them, 
then without doubt she must have the noblest courage, 
quite extraordinary talents and superior genius.” 

For all their corresponding and mutual admiration, 
Gauss and Germain never met. He persuaded the Univer- 
sity of Gottingen to grant her an honorary degree, but be- 
fore she could make the trip from France, she died at the 
age of fifty-five after a two-year battle with breast cancer. 
“Being nice to her was not typical behavior for Gauss,” 
Erdos said. “Gauss was mean, although not as mean as 
Newton. Often when students shared their work with 
Gauss, he would tell them he had done it all before. Maybe 
he had. Maybe he hadn’t. But it was wrong of him to 
squash the youthful enthusiasm of students.” 

In the nineteenth century, after Germain’s pioneering 
work, the next significant progress on Fermat’s Last Theo- 
rem was made in the late 1840s by the German number 
theorist Ernst Eduard Kummer, who taught high school 
mathematics and then cannonball ballistics at Berlin’s war 
college. Though many number theorists flaunted the lack of 
applications of their work, Kummer was proud to use his 
first-rate mathematical mind in the war service of his coun- 
try. He wanted revenge. At the age of three, he had seen his 
home town of Sorau overrun by Napoleon’s forces. A typhoid 
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epidemic introduced by the French troops added to the car- 
nage; Kummer’s father, the town physician, struggled 
mightily to contain the disease, but succumbed to it himself. 

When Kummer was not busy keeping the French mil- 
itary in its place, he was busy doing the same to French 
mathematicians. The French Academy of Sciences had of- 
fered 3,000 francs for a proof of Fermat’s Last Theorem, 
and Parisian café society was buzzing about a nasty race to 
complete the proof between two local mathematicians, 
Gabriel Lamé and Augustin-Louis Cauchy. Word of their 
respective methods spread to Germany, and Kummer, 
realizing that both their approaches were fatally flawed, 
fired off a letter to the French Academy. Lamé and Cauchy 
were suitably embarrassed, and turned their mathematical 
attention to more tractable problems. 

Kummer was able to demonstrate that Fermat’s Last 
Theorem was true for an infinite number of cases, in which 
the exponent was a particular type of prime number, which 
he called a “regular prime.” Kummer’s method was the first 
general attack on Fermat’s Last Theorem, although its gen- 
erality was limited by the nagging presence of so-called 
irregular primes, which were not really all that irregular. 
From 1 to 100, for instance, three primes are irregular: 37, 
59, and 67. (Never mind what regular primes are; the def- 
inition is too complex and would defeat even the great 
mathematical expositor Joseph-Louis Lagrange, who “be- 
lieved that a mathematician has not thoroughly understood 
his own work till he has made it so clear that he can go 
out and explain it effectively to the first man he meets on 
the street.” By that wishful criterion, most mathematicians 
would have to close up shop.) 

For all of Kummer’s work on the cutting edge of num- 
ber theory, he was apparently rather bad at elementary 
arithmetic. One story has him standing before a blackboard, 
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trying to compute 7 times 9. “Ah,” Kummer said to his 
high school class, “7 times 9 is eh, uh, is uh....” “61,” one 
of his students volunteered. “Good,” said Kummer, and 
wrote 61 on the board. “No,” said another student, “it’s 69.” 
‘Come, come, gentlemen,” said Kummer, “it can’t be both. 
It must be one or the other.” (Erdés liked to tell another 
version of how Kummer computed 7 times 9: “Kummer 
said to himself, ‘Hmmm, the product can’t be 61 because 
61 is a prime, it can’t be 65 because that’s a multiple of 5, 
67 is a prime, 69 is too big——that leaves only 63.’”’) 

The twentieth century saw a flurry of activity, much 
of it misguided, on Fermat’s Last Theorem. In 1908, the 
German Academy of Sciences outdid the French Academy 
by offering a prize of 100,000 marks. The German prize 
was funded by Paul Wolfskehl, a Darmstadt industrialist 
and amateur mathematician who claimed to owe his life 
to number theory as much as Archimedes owed his death 
to geometry. Spurned by the woman of his dreams, the 
temperamental Wolfskehl plunged into such a state of de- 
spondency that only suicide seemed to promise relief. A 
compulsive fellow, Wolfskehl couldn’t just kill himself on 
the spot but had first to get his affairs in order and set an 
exact time for blowing his brains out. His affairs took less 
time to straighten out than he had allowed, and with a 
few hours to kill before the execution hour, Wolfskeh] went 
into his library, thumbed through his math books, and 
stumbled on Fermat’s Last Theorem. He got so caught up 
trying to prove it that he missed his date with death. The 
contemplation of difficult mathematics, Wolfskehl] realized, 
was far more rewarding than the love of a difficult woman, 
so he resumed life with relish and bankrolled the prize for 
putting Fermat’s Last Theorem to rest. 

But the theorem wouldn’t rest. The 100,000-mark 
Wolfskehl Prize spurred amateur and professional mathe- 
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maticians alike to hunt for a proof—or, conceivably, a 
counterexample. In 1908, the first year of the prize, 621 
alleged proofs were submitted. In the 1970s, the submis- 
sions were still coming in strong. Nonsensical manuscripts 
were sent back immediately, while ones that looked lke 
mathematics were examined by someone in the University 
of Gottingen math department, and “at the moment,” 
wrote F. Schlichting in 1974, “I am the victim. There are 
about 3 to 4 letters to answer per month, and there is a lot 
of funny and curious material arriving, e.g., like the one 
sending the first half of his solution and promising the 
second if we would pay 1000 DM in advance; or another 
one, who promised me ten percent of his profits from 
publications, radio and TV interviews after he got famous, 
if only I would support him now; if not, he threatened to 
send it to a Russian mathematics department to deprive us 
of the glory of discovering him. From time to time some- 
one appears in GOttingen and insists on personal discus- 
sion.” At other universities, crackpots often were brushed 
off with a form response: “I have a marvelous demonstra- 
tion of the incorrectness of your attempted proof which this 
page is not large enough to contain.” But mainstream 
mathematicians continued to demonstrate that Fermat’s 
Last Theorem was true for individual exponents. By 1993 
it was known that if a counterexample existed, the expo- 
nent would have to exceed 4 million. 


The man whose destiny it was to slay Fermat, Andrew 
Wiles, was the son of an Oxford theologian. He was drawn 
to mathematics by reading a romantic account of Fermat, 
just as Sophie Germain before him had been drawn to the 
subject by reading a romantic account of Archimedes. At 
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the age of ten, Wiles read Eric Temple Bell’s book, The 
Last Problem (1961). Bell, a leading figure in American 
mathematics for the first half of this century, had a rare 
gift for words as well as numbers. Those who have wit- 
nessed the deep truths of mathematics, Bell wrote, “have 
experienced something no jellyfish has ever felt.” He had 
a knack for pithily summing up a man’s character: Py- 
thagoras, Bell said, whose mysticism had hobbled his math- 
ematics, was “one-tenth genius, nine-tenths sheer fudge.” 
And if Bell’s prose was at times flowery, The Last Problem 
and his better-known 1937 work, Men of Mathematics, 
sowed the seeds of mathematical interest in three genera- 
tions of readers. 

Bell’s innovation in 1937, which doesn’t sound lke 
much in our current tabloid age but was novel in its time, 
was to write jauntily not just about the work of mathe- 
maticians but also about their lives and loves. Take his 
description of René Descartes: “In spite of his lofty 
thoughts he was no gray-bearded savant in a dirty smock, 
but a dapper well-dressed man of the world, clad in fash- 
ionable taffeta and sporting a sword....To put the finish- 
ing touches on his elegance he crowned himself with a 
sweeping, broad-brimmed, ostrich-plumed hat. Thus 
equipped he was ready for the cutthroats infesting church, 
state, and street. Once when a drunken lout insulted Des- 
cartes’ lady of the evening, the irate philosopher went after 
the rash fool...and having flicked the sot’s sword out of 
his hand, spared his life, not because he was a rotten 
swordsman, but because he was too filthy to be butchered 
before a beautiful lady.” On reading Bell, only the brain- 
dead would fail to be drawn to mathematics, a world in- 
habited by sword-wielding swells. 

When the young Wiles read Bell’s account of Fermat’s 
Last Theorem, he was hooked. The theorem, recalled 
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Wiles, “looked so simple, and yet all the great mathema- 
ticians in history couldn’t solve it. Here was a problem that 
I, a ten-year-old, could understand and I knew from that 
moment that I_would never let it go. I had to solve it.” 
Bell’s account of Fermat came out posthumously, in 1961, 
and offered the prediction that human civilization would 
extinguish itself in nuclear war before getting around to 
solving Fermat’s Last Theorem. If Bell had lived a few 
decades longer, wondered Berkeley mathematics professor 
Ken Ribet, “it is an interesting question whether he would 
have been more surprised at humanity’s continuing sur- 
vival or at the announcement on June 23, 1993, of a proof 
of Fermat’s Last Theorem.” Wiles had worked on the proof 
as a teenager, but making no progress, turned to a hot 
research topic in contemporary mathematics—the study of 
what are called elliptic curves (which are objects more com- 
plex than a simple ellipse)—so that he could complete his 
dissertation and earn his Ph.D. at Cambridge. Wiles put 
Fermat on the back burner for the next decade. 

In 1986 Ken Ribet surprised himself by proving that a 
certain unproven conjecture, the so-called ‘Taniyama- 
Shimura conjecture, implied Fermat’s Last Theorem. In 
other words, the problem of proving Fermat’s Last Theo- 
rem was now reduced to the problem of proving the 
Taniyama-Shimura conjecture, which itself was no small 
task because it had been an open problem for thirty years. 
And those who wanted to prove the Taniyama-Shimura 
conjecture could no longer rely on the insights of one of 
the two men who first articulated it. The allure of math- 
ematics could not rescue Yutaka Taniyama from the depths 
of mental anguish as it had rescued Paul Wolfskehl. ‘Tani- 
yama, one of the most brilliant mathematical minds of post- 
war Japan, killed himself in 1958, at the age of thirty-one. 

When Wiles learned of Ribet’s result, the flames of 
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Fermat consumed him anew, but this time he had a pow- 
erful new weapon in his arsenal: The ‘Taniyama-Shimura 
conjecture involved elliptic curves and he knew all about 
elliptic curves from his doctoral work. Still, Wiles wasn’t 
sure he’d succeed. “Of course the Taniyama-Shimura con- 
jecture had been open for many years,” Wiles said later. 
‘No one had had any idea how to approach it but at least 
it was mainstream mathematics. I could try and prove re- 
sults, which, even if they didn’t get the whole thing, would 
be worthwhile mathematics. I didn’t feel I’d be wasting my 
time. So the romance of Fermat which had held me all my 
life was now combined with a problem that was profes- 
sionally acceptable.” He holed up in his attic office for what 
would be seven years of secret work, and read everything 
he could find relating to the Taniyama-Shimura conjecture. 
“For the first few years I knew I had no competition,” he 
said. “I knew I had no competition, since I knew that no- 
body—wme included—had any idea where to start.” Grad- 
ually, though, the pieces started falling into place. Wiles 
likened the experience to “entering a darkened mansion. 
You enter a room, and you stumble months, even years, 
bumping into the furniture. Slowly you learn where all the 
pieces of furniture are, and you're looking for the lhght 
switch. You turn it on and the whole room is illuminated. 
Then you go onto the next room and repeat the process.” 

By 1993, the entire mansion was fully illuminated. Still 
he kept most everyone else away from the mansion, as he 
checked and rechecked his 200-page proof. In June, he re- 
turned to his alma mater Cambridge to deliver a series of 
lectures with the slyly unassuming title “Modular Forms, 
Elliptic Curves, and Galois Representations.” For three days 
he delivered his talks without explicitly saying what they 
were leading up to. By the last day the assembled crowd 
of mathematicians had swelled to standing room, as many 
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anticipated where he was heading. “There was only one 
possible climax, only one possible end to Wiles’s presenta- 
tion,” said Ribet. “I came relatively early and I sat in the 
front row....1 had my camera with me just to record the 
event. There was a very charged atmosphere and people 
were very excited. We certainly had the sense that we were 
participating in an historical moment. People had grins on 
their faces before and after the lecture. The tension had 
built up over the course of several days.” As the end of the 
last lecture hour approached, Wiles wrote one last state- 
ment on the blackboard and said, softly, “This proves Fer- 
mat’s Last Theorem. I think Pl] stop here.” For a moment 
the lecture hall was eerily silent. Then thunderous applause 
broke out, and Wiles was treated to a standing ovation. 

But his emotions were mixed. He felt a kind of sadness. 
‘All number theorists, deep down, feel that,” he said. “For 
many of us, his problem drew us in and we always consid- 
ered it something you dream about but never actually do. 
There is a sense of loss, actually.” 

On June 24, Wiles made the front page of the New 
York Times (under the headline AT LAST, SHOUT OF “EU- 
REKA!” IN AGE-OLD MATH MYSTERY) and was hailed the 
world over as “the mathematical dragon-slayer.” The shy, 
bespectacled Wiles became an overnight celebrity, which 
was all the more remarkable considering that, as Ribet told 
the Times, only one tenth of 1 percent of mathematicians 
could understand the very technical proof. “And that per- 
centage,” said Graham, “is probably an overstatement.” 

The proof was technical, indeed. So technical in fact 
that no one initially saw that the dragon wasn’t actually 
dead yet. By late August, one of Wiles’s colleagues quietly 
called attention to a disturbing hole in the proof. Wiles 
spent the fall trying to plug it, but by December, as word 
of the problem raged through the e-mail rumor mill, Wiles 
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publicly acknowledged that his proof was flawed—a sad 
admission for a man who had been hailed the greatest 
mathematician of the twentieth century. This time around 
he did not work in isolation. He enlisted the help of a 
Cambridge colleague, Richard Taylor, and by September 
1994—fourteen months after the original “proof”—the 
hole was patched. Fermat’s Last Theorem was now offi- 
cially proved. 

In June 1997, Wiles traveled to Gottingen University, 
Gauss’s old stomping ground, to collect the Wolfskehl Prize. 
If the mark had not been devalued during the hyperin- 
flation of the 1920s, the prize would have been worth 
about $2 million in 1997 dollars. Still, Wiles walked away 
with $50,000—and the satisfaction that the dragon was 
really dead. “Having solved this problem, there’s certainly 
a sense of freedom,” he said. “I was so obsessed by this 
problem that for eight years I was thinking about it all of 
the time—when I woke up in the morning to when I went 
to sleep at night. That particular odyssey is now over. My 
mind is at rest.” 

Wiles, in disposing of Fermat’s conundrum at the age 
of forty-one, was held up as a welcome exception to the 
rule that only the young do stellar mathematics. “If Pve 
helped to counter that idea,” said Wiles, “I’m very happy.” 
Erdés was amused by talk of Wiles’s age. “If he’s considered 
old,” said Erdés, ““what does that make me? Extinct?” Erdés 
admired Wiles for slaying the dragon, but he did not pre- 
tend to understand the proof. And he was happy to learn 
that in eight years of working on the problem, Wiles never 
once used a computer. 

Wiles’s proof, which threw the entire kitchen sink of 
complex twentieth-century techniques at the problem, 
couldn’t possibly be the proof that spilled out of Fermat’s 
margin. The question remains whether or not Fermat 
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really had a proof. Was he playing a mischievous trick on 
posterity with his marginal note or did he actually believe 
he had a proof that may in fact have been flawed, unbe- 
knownst to him? “Fermat’s judgment was known to be fal- 
lible,” said Erdés. For example, in 1640 Fermat conjectured 
he had a formula 2” + 1 that would always yield prime 
numbers when the exponent v 1s itself a power of 2. So for 
m= 2,2 T 1 is 5, whieh is prime: Whenen = 72 sort, 2° sp 
1 ae 17, also a pame.. When wm =2°, or OF OP a7 is yet 
another prime, 257. And when n = 2%, or 16, 2° + 1 is still 
another prime, 65,537. “A century passed,” said Erdds, “be- 
fore Euler found a counterexample.” In 1732 Euler showed 
that the formula 2” + 1 failed to yield a prime in the case 
of h = 2 vor 62. “Pie number 2% + 1 tumis*ourtote Cowal 
to 641 times 6,700,417,” Erddés recalled. “So maybe Fermat 
was mistaken in his belief that he had a proof. When I 
have a chance, I will ask him. When I go to the place 
where you don’t need a passport for the return because 
there is no return.” 

But Euler was fallible, too. He noted that although Fer- 
mat forbade a cube to be the sum of two cubes, a cube 
could certainly be the sum of three cubes, as in 


3+ 45+ 55= 69 


So Euler generalized Fermat’s Last Theorem, claiming that 
three fourth powers can never sum to a fourth power, four 
fifth powers can never sum to a fifth power, and in general 
that » — 1 nth powers can never sum to an 7th power, but 
it is always possible for n nth powers to do so. 

Euler’s claim was wrong, but no one knew that until 
1966, when Leon J. Lander and Thomas R. Parkin pro- 


duced a counterexample for fifth powers: 
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275 + 84° + 1105 + 133° = 144° 


In 1988, Noam Elkies at Harvard followed with a coun- 
terexample for fourth powers: 


2.682,440* + 15,365,639" + 18,796,760* = 20,615,673* 


And soon afterward another mathematician found the 
smallest possible exception for fourth powers: 


95,800* + 217,519* + 414,560* = 422,481* 


Euler, though capable of making mistakes, was the greatest 
number theorist of the eighteenth century. And in Erdés’s 
eyes, he deserved credit for doing mathematics up until the 
bitter end. On September 18, 1783, after calculating the 
orbit of the recently discovered planet Uranus, Euler paused 
to play with his grandson and sip a cup of tea. Pipe in 
hand, he suffered a fatal stroke, getting out the last words, 
“T die.” 

“JT told this story once at a lecture,” said Erdés, “and 
some wise guy shouted out, ‘And another conjecture of 
Euler’s is proven.’ I want to leave like Euler. I want to be 
giving a lecture, finishing up an important proof on the 
blackboard, when someone in the audience shouts out, 
‘What about the general case?’ I'll turn to the audience and 
smile. ‘I leave that to the next generation,’ Dll say, and 
then [ll keel over.” 
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raise the question of what constitutes a meaningful math- 
ematical theorem. 

When Stan Ulam gave a talk at the Institute for Ad- 
vanced Study or’ the twenty-fifth anniversary of the com- 
puter, he made a mental calculation of the number of 
theorems published yearly in mathematical journals and 
threw out the number 100,000. “The audience gasped,” 
Ulam recalled. “The next day two of the younger mathe- 
maticians in the audience came to tell me that impressed 
by this enormous figure they undertook a more systematic 
and detailed search in the Institute library. By multiplying 
the number of journals by the number of yearly issues, by 
the number of papers per issue, and the average number 
of theorems per paper, their estimate came to nearly two 
hundred thousand theorems a year. Such an enormous 
number should certainly give food for thought....If the 
number of theorems is larger than one can possibly survey, 
who can be trusted to judge what. is “‘important’?” 

“Today upwards of a quarter million theorems are pub- 
lished a year,” said Graham. “With our concept of proof, 
mathematicians demand a little more rigor than other 
scientists do. But who reads all these theorems? Proof by 
authority still goes a long way—that you believe a proof 
because you believe in the person who did the proving or 
the person who examined the proof. Even Erdés would say, 
‘I believe thus-and-such because so-and-so says it’s true.’ 
Erd6s accepted the truth of the Four Color Map Theorem 
because someone he trusted checked the proof. Some areas 
of mathematics are so obscure or so new that people in 
these areas have no one to share their results with. I heard 
someone say once that an area of math isn’t important until 
at least one hundred people are working in it. But every 
area has to start somewhere.” The line between recrea- 
tional mathematics and serious number theory is often 
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fuzzy. No one is working today on Ruth-Aaron numbers, 
so they seem squarely in the recreational camp. Ruth-Aaron 
numbers, funny though their history may be, haven’t led 
to significant new ideas or revealed new connections be- 
tween old concepts. 

Smith numbers, which have been cited in the mathe- 
matical literature only marginally more often than Ruth- 
Aaron numbers, began with a phone number. In 1982, 
Albert Wilansky at Lehigh University noticed (and only he 
knows how) that the phone number of his brother-in-law, 
H. Smith, had the peculiar property that the sum of its 
digits was equal to the sum of the digits of its prime factors. 
Got that? Smith’s phone number, 493-7775, could be ex- 
pressed as the product of prime factors: 4,937,775 = 3 x 
5 X 5 X 65,837. The sum of the original digits (4 + 9 + 
3+7+7+7+ 5) was 42, as was the sum of the digits 
ofthe “pmames factorsq@(G +5 +5 +6 +5 +8 +5 +7). 
Although Wilansky’s insight certainly doesn’t rank with 
Erdés’s proof of Chebyshev’s theorem, it did get written up 
in the Two-Year College Mathematics Journal. Wilansky 
cited other Smith numbers and observed that he knew of 
none larger than his brother-in-law’s phone number. For 
example, 9,985, which equals 5 X 1,997, is a Smith number, 
because 9+9+8+5=51t179179+7. And so is 
6,036, because 6,036 =2X2X3%X 503 and6+07+34+ 
6=27+2+3+51+0+3. The smallest known Smith 
number is 4 because it 1s equal to the sum of the digits of 
its prime factors, 2 and 2. 

Most mathematicians would agree that Smith numbers, 
though amusing in their origin, are mathematical dead- 
ends, parlor tricks disconnected from other ideas. And yet 
a year after the Smith’s debut, Sham Oltikar and Keith 
Wayland of the University of Puerto Rico proved three 
theorems that made Smith numbers somewhat less silly by 
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tying them into other more familiar concepts. Oltikar and 
Wayland found that Smith numbers could easily be gen- 
erated from prime repunits (short for “repeated units”), 
which are primes like 11 and 1,111,111,111,111,111,111, all 
of whose digits are 1. These mathematicians proved that 
Smith numbers could be constructed by multiplying any 
prime repunit (greater than 11) by 3,304. And more im- 
portant, they proved that every prime consisting entirely 
of 1’s and 0’s has a multiple that 1s a Smith number. Oltikar 
and Wayland asked whether there were infinitely many 
Smith numbers. No one then knew. A positive answer, they 
noted, could “be obtained by showing that there are infi- 
nitely many primes consisting only of the digits zero and 
one, an interesting and challenging problem in itself.” 
Wayne McDonald soon proved that the supply of Smith 
numbers was inexhaustible. The proof, though, did not pro- 
vide a recipe for how to construct every possible Smith 
number. Despite the missing recipe, mathematicians are 
not exactly tripping over themselves to keep up with the 
Smiths. Such numbers don’t have anywhere near the one 
hundred devotees that Graham’s colleague demands. 


Insights and connections—that’s what mathematicians look 
for. Carl Friedrich Gauss, who was born in 1777 in Braun- 
schweig, Germany, the son of a masonry foreman, was a 
master at exposing unsuspected connections. Like Erdés, 
Gauss was a mathematical prodigy, and in his old age he 
liked to tell stories of his childhood triumphs. Like the 
time, at the age of three, he spotted an error in his father’s 
ledger and stopped him just as he was about to overpay his 
laborers. Like the fact that he could calculate before he 
could read. 
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And he certainly could calculate. At the age of ten, he 
was a show-off in arithmetic class at St. Catherine elemen- 
tary school, “a squalid relic of the Middle Ages...run by 
a virile brute, one Biittner, whose idea of teaching the hun- 
dred or so boys in his charge was to thrash them into such 
a state of terrified stupidity that they forgot their own 
names.” One day, as Btittner paced the room, rattan cane 
in hand, he asked the boys to find the sum of all the whole 
numbers from 1 to 100. The student who solved the prob- 
lem first was supposed to go and lay his slate on Biittner’s 
desk; the next to solve it would lay his slate on top of the 
first slate; and so on. Biittner thought the problem would 
preoccupy the class, but after a few seconds Gauss rushed 
up, tossed his slate on the desk, and returned to his seat. 
Biittner eyed him scornfully, as Gauss sat there quietly for 
the next hour while his classmates completed their calcu- 
lations. As Biittner turned over the slates, he saw one wrong 
answer after another, and his cane grew warm from con- 
stant use. Finally he came to Gauss’s slate, on which was 
written a single number, 5,050, with no supporting arith- 
metic. Astonished, Biittner asked Gauss how he did it, “and 
when Gauss explained it to him,” said Erdés, “the teacher 
realized that this was the most important event in his life 
and from then on worked with Gauss always,” plying him 
with textbooks, for which “Gauss was grateful all his life.” 

What was Gauss’s trick? In his mind he apparently pic- 
tured writing the summation sequence twice, forward and 
backward, one sequence above the other: 


res oe et ee i OF esa GO 100 
LOGm SO" Ose Oise... 4 oe 


Gauss realized that you could add the numbers vertically 
instead of horizontally. There are 100 vertical pairs, each 
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summing to 101. So the answer is 100 times 101 divided 
by 2, since eagh number is counted twice. Gauss easily did 
the arithmetic in his head. 

“What makes Gauss’s method of calculation so special,” 
said Graham, “is that it doesn’t just work for this specific 
problem but can be generalized to find the sum of the first 
50 integers or the first 1,000 integers or the first 10,000 
integers or whatever number you want. Gauss found a very 
nice way of showing that if you add all the numbers from 
1 up through any number n, the answer is n times 7 plus 
1, all divided by 2. This method of summing such a series 
is really straight from the Book.” 

Mathematics is about finding connections, between spe- 
cific problems and more general results, and between 
one concept and another seemingly unrelated concept that 
really is related. No mathematical concept worth its salt 
stands in isolation. Not Fibonacci numbers. Not the well- 
known constant %. Not the prime numbers. Even Wiles’s 
proof of Fermat’s Last Theorem, difficult though it is, re- 
veals deep connections between the algebra of Diophantine 
equations and the geometry of elliptic curves. 

The Fibonacci series 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 
235 ...arose in a problem about sexually active bunnies but 
has since come up again and again in design, both natural 
and man-made. The seeds in a sunflower, for example, are 
always positioned along two sets of interweaving spirals, 
one set turning clockwise, the other counterclockwise. The 
numbers of spirals in the two sets are not the same; 1n fact, 
they are always consecutive Fibonacci numbers. So, if there 
are 144 clockwise spirals, there are always either 89 or 233 
counterclockwise spirals. The Fibonacci series has also come 
up in man-made design because as the series approaches 
infinity, the ratio between two consecutive terms ap- 
proaches the “golden ratio”—the ideal proportions of a 
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rectangle that the Greeks favored in painting and classica! 
architecture (the Parthenon. for example). Indeed. Fibo- 
nacci numbers have so many connections to other thimegs 
that an entire journal, the Fibonacci Quarterly. 1s devoted 
to keeping up with them. 

The famous number ®, the nonrepeating. nonverm- 
nating decimal! that begins 5.146... . sprang up im the study 
of circles. The Greeks recognized that in any circle what- 
soever, the ratio of the circumference ito the diameter has 
a constant value. 7. But % also comes up in all kinds of 


m 


situations that have nothing to do with circles. Euler. fo 


” 


one, discovered that the infinite series formed by summing 
the reciprocals of squares was linked to &: 


6=1/1?+ 1/24 1/24 1/2 41/524... 


And in 1/77, Comte de Buffon gave a formula involving % 
for computing the probability that a needle dropped on en 
array of parallel lines will overlap one of the limes. (Buffon 
was a mathematical provocateur who stunned his contem- 
poraries with an estimate that Earth wes not 6.000 vears 
old, as the Bible said, but 75,000 vears.) 

With the Prime Number Theorem, Gauss was able to 
connect the distribution of prime numbers to logarithms 
and the famous constant e. For these who slept throwgh 
high school algebra, or didn’t get that far, the logarithm of 
a given number is the power to which a fixed number 
called the base must be raised in order to get the given 
number. Thus, the base-10 logarithm (abbreviated log,,) 
of 100 is 2, because 10? = 100. By the same token. log,, of 
1,000 is 3, bacetest 10° = 1,000. Note how slowly logarithms 
grow. From 100 to 1.000, log,, only goes up one integer. 
from 2 to 3. 

As residents of California are all too aware. the Richter 
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scale of earthquake magnitude is logarithmic: each step on 
ihe scale, say. from 2 to 3, corresponds to a tenfold increase 
in quake power. while a jump from 2 to 4 corresponds to 

a hundredfold imcrease. Logarithmic growth (and growth 
hardly seems the mghi word because the logarithms in- 
crease ever so slowly) is the inverse of exponential growth. 
You can also have logarithms in other bases. For example. 
the base-2 logarithm of 1,000 is a number greater than 9 
and just shy of 10, because 2° = 512 and 2* = 1.024. The 


so-called natural logarithm of a given number (abbreviated 
log,) 1s defined as the power to which e must be raised in 


order to get the given number. 

Now one is this constant e? The number e. like ff. 1s 
a nonrepeating. nonterminating decimal, which Euler cal- 
culated to twenty-three places: 


lt is a number generated by an infinite series: 


e=1+1/1+ 1/(44* 2)+i/(iX2X5)+1/(iX 
2K35K4)4ti1/(1K2K5XK4X%5)+... 


The number e may not seem all that “natural.” but it 
ws described as such because it comes up often in the math- 
ermatical modeling of such basic processes of life as growth 
and decay. Not to mention in another basic area over which 
most humans, with the exception of Erdés. obsess—namely, 
money. The number e is central, for instance, to the for- 
mula for compound interest. Suppose vou invest $1.00 in a 
bank that promises 100 percent interest compounded an- 
nually. Youll nave doubled your money at the end of a 
year. Another bank offers 100 percent interest compounded 
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every six months. That's a better deal, because at the end 
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of six months you'll get mterest equal to 30 percent of the 
mivestment. or 39 cents. But you ll be carmmg mterest on 
the mterest. so that at the end of the full year you ll nave 2 
total of $2.25. How about 100 percent mterest compounded 
quarterly? At the end of 2 vear vew ll nave $2.44. Hew 
about 100 percent mterest compounded eneit umes an- 
muaally? Yow ll earn $2.37 mz 2 year. What « the Bank of 
Erdés, which 1s generous to 2 fault. comes alome and offers 
100 percent interest conzpounded contumueusly? Will veu be 
“intimitely rich.” as Erdés would say. at the end of ome veer? 
Well, not exactly. The amount youl! accumulate = ome 


in other words. 32.714.... 


year 1s muted to e dollars 
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approximated by the netural logarithm of nm. and the epprox- 
mation gets much better as m gets larger. For m = 10”). the 
naturel logarrchm of 7» is about +.6. so the Prume Number 


‘Theorem predicts that for numbers im the vicimity of | 


prediction? Well. of the Sfty numbers fom 
them are m fact prime (79. 83, 8. 97. 101. 105. 107. 10°. amd 
113), which means thet om average. | in every 3.3 mumbers 
1S 2 primve—not 2 bad correlation with the theerem. For verv 


large values of n. as nm approaches mfmity. the difference be- 


tween the density given by the neturel logarithm and the ec- 
tual density goes to zero. Why prumes. the buildime blecks of 
all integers. should be intrmately linked to e. the comstant of 
growth and decay. can only be answered by the SF Himseli. 


if mathematical success is measured bv revealing deep 
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connections among ideas that on the surface don’t seem to 
be related, Euler gets the prize. He is responsible for per- 
haps the most.concentrated and famous formula in all of 
mathematics, which in one bold stroke ties together 7, e 
and i (the imaginary number, the square root of —1) as 
well as the most basic whole numbers 0 and 1. For Euler 
recognized that if you raised the number e to the power 7% 
times i and added 1, you'd get 0. Behold the sheer elegance, 
hieroglyphic beauty, and austere conciseness of Euler’s for- 
mula e + 1 = 0, which has as much appeal for mystics as 
it has for mathematicians. 

Lost in the beauty and compactness of the formula 
e+ 1=0 is a long history, because the acceptance and 
understanding of numbers like 7, e, and i did not come 
easily to mathematicians. Nor did the acceptance of much 
simpler numerical concepts like zero, negative numbers, 
and repeating but nonterminating decimals like the square 
root of 2. Erdés was indeed precocious when he discovered 
negative numbers at the age of four. His discovery is all 
the more remarkable in light of the fact that it took West- 
ern culture until the seventeenth century fully to accept 
negative numbers. The mathematicians of Euclid’s day 
were comfortable with the positive integers, 1, 2, 3, and so 
on, and they were comfortable enough with fractions pro- 
vided they were expressed (cumbersomely in our modern 
eyes) as unit fractions. But the ancient Greeks had no con- 
cept of zero or negative numbers. Aristotle even went so 
far as to question whether 1 was a number, because num- 
bers measured pluralities and 1 was only a unity. The 
Greeks had no trouble doing subtraction, and ancient herds- 
men, who presurnably could count their flocks, had no trou- 
ble subtracting three cows from six cows, but they didn’t 
take seriously the concept of minus three cows. 

As Martin Gardner put it, “A cow from a cow leaves 
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zero a number. Greek and Renarssance methemetcnaums cer- 
tainly Knew how to solve equations with negative mumbers: 
ins just that thew thought ef such quantiive: as “Remeus 
entitres. The mse of capitalism helped make these extmes 
real: ledgers of credit and debi. end red mk on the balemce 
sheet, paved the way for Western culture to embrate neg- 
ative numbers finelly mm the seventeenth century. 
Throughout the Dark Ages, Western mathematcs was 
held back by the stramge preference for wnt fractions end 
an antiquated reliance on Remen numereds. Some Wesern 
mathematiaans Knew there was a bemer wav. but their 
observations were showts in the dark. Leonerdo Fibomeccn. 
despite his flirtation with wnt fractions, was one who saw 
the hght. Fibonneci wes bern im the Italian citw-sare of 
Pisa late im the twelfth cenmury. the son of « wealthy mer- 
chant and community leader. In Pisa. he earmed Latin and 
studied the work of Enclid end other Greek metheman- 
aens. When he wes sull a schoolbov. he mowed to the 
Muslim city of Baume. in Nerth Afmea. where his father 
hed become a customs officiel. examining leather and furs 
before they were shipped back to Pisa. Young Leonerdo got 
an education in Arabic culture, traveling around the Med- 
iterranean, to Constantmeple. Eevpt. and Syme. He recag- 


mized thet the Hindu-Arabic munverals. the manrerals we 


up with in the West. 
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connections among ideas that on te surfare don’t seem to 
be related, Euler gets the prize. H ws responsible for per- 
haps the most concentrated and fnous formula in all of 
mathematics, which m one bold roke ties together T, ¢ 
and i (the imaginary number, th square root of =)» as 


well as the most basic whole numbers 0 and 1. For Euler : 
recognized that 1f vou raised the mmber ¢@ to the power 7 . 
tunes sand added 1, you'd get 0. Baold the sheer elegance, - 
hieroglyphic beauty, and austere cnciseness of Euler's for- be 
mula e+ 1 = 0, which has as mth appeal for mystics as o= 
i has for mathernaucians. - 
lost in the beauty and comactness of the formula a 
e + 1=0 1s a long history, bedise the acceptance and = 
understanding of numbers like fe. and ¢ did not come —_ 


easily to mathernaucans. Nor di@he acceptance of much ; 
simpler numerical concepts like ero, negative numbers, 
and repeating but nontermmatinglecimals like the square 
root of 2. bardés was indeed precoous when he discovered 
negative numbers at the age of sur. His discovery is all 
the more remarkable in hght of te fact that it took West- 
ern culture until the seventeent! century fully to accept 
negative numbers. The mathenjticians of Euclid’s day - 
were comfortable with the positit integers, 1, 2, 5, and so 
on, and they were comfortable epugh with fractions pro- 
vided they were expressed (cum#rsomely in our modern 
eves) as unit fractions. But the arient Greeks had no con- 
cept of zero or negative number Aristotle even went so 
far as to question whether 1 wast number, because num- 
bers measured pluralities and {was only a ei . 
(sreeks had no trouble doing subuction. and anciemblieris 
men, who presumably could countheir flocks. beg 10 tr 
ble subtracting three cows fromix cows, but tl 
take seriously the concept of mis three co 
As Martin Gardner put it, ’ cow fr¢ 
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nothing, bit# af ing a negative cow to a positive cow, caus- 
se ing both to va sh like a particle meeting its antiparticle, 


ah seems as ridic ous as the old joke about the individual 
"whose persona y was so negative that when he walked 
"Se. into a x awit t! guests would look around and ask, ‘Who 
— left?) As tate . 1660, Blaise Pascal, the father of proba- 
— - bility theory, t! ught it nonsense to call anything less than 
— zero a number. reek and Renaissance mathematicians cer- 

~ tainly knew ho to solve equations with negative numbers; 


™ it’s just that thy thought of such quantities as “fictitious” 


entities. The ri of capitalism helped make these entities 
real; ledgers of edit and debt, and red ink on the balance 
sheet, paved th way for Western culture to embrace neg- 
ative numbers ally in the seventeenth century. 
Throughow he Dark Ages, Western mathematics was 
held back by tl) strange preference for unit fractions and 
an antiquated fiance on Roman numerals. Some Western 
mathematicianf <new there was a better way, but their 
observations we: shouts in the dark. Leonardo Fibonacci, 
despite his flirtion with unit fractions, was one who saw 
the light. Fibo}aci was born in the Italian city-state of 
Pisa late in the velfth century, the son of a wealthy mer- 
chant and commfinity leader. In Pisa, he learned Latin and 
studied the wo of Euclid and other Greek mathemati- 
cians. When hewas still a schoolboy, he moved to the 
Muslim city of _ pel where his father 
had become @@ te | z leather and furs 


before they nen ed back t onardo got 
an educatic ral 1 the Med- 
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traction. For example, the sum of 10 and 3 is as easy to 
express with Roman numerals: 
¢ 


om 22) 
XIII 


as it is with Hindu-Arabic numerals: 


10 
7 o 


13 


To add Roman numerals, you simply group the symbols 
together. ‘he most you have to do is to replace a bunch of 
lower symbols with a higher symbol, say substituting one 
V for five I’s, as happens when you add 3 and 4: 


ig 
=e a il 


IITITIIII becomes VII 


But multiplication is extremely cumbersome because 
the Roman numeral system lacks the idea of place value, 
or positional notation, which is second nature to our num- 
ber system. When we write 23, the positions occupied by 
the 2 and the 3 are of crucial importance. We mean 2 tens 
because the 2 is in the tens’ place and 3 ones because the 
3 is in the ones’ place. That’s what makes it easy to mul- 
tiply, say, 23 times 4: 


ge 


Think about how you actually do this. You multiply 3 ones 
by 4 ones to get 12 ones. The 12 ones is really 1 ten and 
2 ones. So you write 2 in the ones’ place and carry the 1 
to the tens’ place, holding it for a moment in your mind. 
Now you multiply the 2 in the tens’ place by the 4 in the 
ones’ place to get 8 in the tens’ place. Adding the 8 to the 
carried 1 gives you 9 in the tens’ place. Vozla! 

Where do you even start if youre trying this with 
Roman numerals? 


IV 
xX XXIII 


The answer is that no one probably tried. In thirteenth- 
century Pisa, multiplication was done on an abacus, in 
which different rows of sliding beads in effect slid in the 
concept of place value through the back door. An abacus 
worked fine except that there was no record of the steps 
in the computation, no way of saving your work. 

Mathematicians in India in the sixth century had devel- 
oped a place-value system and introduced the concept of a 
zero to keep their symbols in their proper places. Thus, a 1 
with a 0 after it, or 10, is a very different number from a 1 
alone. Erdés, who always joked that he was old and stupid, 
said the Indians were very clever, not just in their discovery 
of zero, but in their choice of similar-sounding Hindi words 
for stupid person (buddhi) and old person (buddha). 

In the seventh century, Hindu scholars introduced Is- 
lam to the Indian number scheme, and the ideas of zero 
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traction. For example, the sumof 10 and 3 is as easy to 
express with Roman numerals: 


+ I] eae 
Xi var 
7m ae! 
as it is with Hindu-Arabic numrals: nd 
1908 " 
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But multiplication is extrmely cumbersome because 
the Roman numeral system laks the idea of place value 
or positional notation, which isecond nature to our 
ber system. When we write 2! the positions ocg 
the 2 and the 3 are of crucial importance. W 
because the 2 is in the tens’ pice and 
5 is in the ones’ place. That’s shat 
uply, say, 23 times 4: 
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Think about how you actual! do this. You multiply 3 ones 
by 4 ones to get 12 ones. [1 12 ones is really 1 ten and 
2 ones. So you write 2 in th ones’ place and carry the 1! 
to the tens’ place, holding itor a moment in your mind. 
Now you multiply the 2 im f tens’ place by the 4 in the 
ones’ place to get 5 in the t@s’ place. Adding the 8 to the 
carried 1 gives you 9 in the ns’ place. Vodla! 

Where do you even ste if you're trying this with 
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The answer is that no one -obably tried. In thirteenth- 
century Pisa, multiplicatiof vas done on an abacus, in 
which different rows of slid ¢ beads in effect slid in the 
concept of place value thro h the back door. An abacus 
worked fine except that the was no record of the steps 
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and place value spread rapidly throughout the Arabic 
world. Six centuries later, Fibonacci was so impressed with 
the ease of the Hindu-Arabic numerals that he wanted to 
make Pisan merchants aware of them. In 1202, he wrote 
Liber abaci (Book of the Abacus), which, despite the title, 
had little to do with the abacus and a lot to do with lib- 
erating computations from the yoke of Roman numerals. 
The book seems quaint from the vantage point of the twen- 
tieth century, because it explains what we take for granted. 
“The nine Indian figures are: 9 8 7 6 5 4 3 2 1,” the book 
begins. “With these nine figures, and with the sign zero... 
any number may be written.” 

To Fibonacci’s chagrin, Liber abaci was ignored by the 
Pisan trading class, who, wallowing in prosperity, could not 
be bothered to adopt zero and renounce Roman numerals. 
The book got a better reception among Fibonacci’s fellow 
mathematicians, and slowly, over time, it became the most 
influential work in getting the West to convert to Hindu- 
Arabic numerals. By the fifteenth century, the numerals 
were showing up on coins and gravestones; and by the sev- 
enteenth century, Western mathematics, which had fully 
emerged from the stagnation of the Dark Ages, was flour- 
ishing, thanks in no small part to zero, Hindu-Arabic nu- 
merals, and negative numbers. 

In the seventeenth century, Western mathematicians 
also grappled head-on with the infinite—one of Erdés’s 
favorite ideas—a concept that theretofore had been steeped 
in mysticism and largely avoided. God’s power was thought 
to be infinite. Woe to the mere mortal who tried to reduce 
God’s power to a symbol in an equation. What if He didn’t 
hke the representation? 

Isaac Newton and Gottfried Wilhelm Leibniz dared to 
tread in this divine domain, bringing infinity into main- 
stream mathematics through their independent invention 
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of calculus. Calculus is a powerful set of techniques for 
quantifying instantaneous change and rates of change, in 
anything from the motion of a planet to the flow of heat 
in an oven. Calculus involves both the infinitely small and 
the infinitely large. The infinitely small comes into play in 
“integration,” the process of finding “the area under a 
curve” by dividing that area into smaller and smaller 
parts—infinitesimals, they were called—and summing the 
areas of each of these constituent parts. The infinitely large 
arises in the fundamental concept of calculus known as the 
limit. Consider the so-called geometric series 1/2 + 1/4 + 
1/8 1/16 + 1/32 +...+ 1/2n +... where teach wede- 
nominator is double its predecessor. No matter how many 
finite terms you choose to sum in this series, you'll never 
get the number 1, although you can get as close to 1 as 
you want. But in the limit, where the number of terms 
approaches infinity, the sum is exactly 1. 

Now consider the so-called harmonic series, consisting 
of the sum of the reciprocals of the positive integers: 


1/1+1/24+1/3+1/44+1/54+1/6+1/7 + 
1/8+... t1/nt... 


What is the limit of the harmonic series as ” approaches 
infinity? The harmonic series doesn’t look all that different 
from the geometric series. And yet while the geometric 
series converges to 1 in the limit, the harmonic series re- 
fuses to converge. Even though successive terms get in- 
creasingly smaller, the sum of the harmonic series can be 
made to exceed any positive number whatsoever, albeit 
only with major effort because the series grows so slowly. 
To exceed 5, for example, you need to sum the first 83 
terms. To exceed 20, the first 300 million or so terms. To 
exceed 100, the first 10*° or so terms! 
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And then there are simple-looking infinite series that 
seem to misbehave entirely. Take a look at the series 
¢ 


f= Tee [el ce a Pe... 
What does it add up to? Grouping the terms one way, 


@=1)a=— 1+ = 1 
C= eee 


the sum is definitely 0. But if the terms are grouped an- 
other way, 


1+(-1+1)+(-14+1)+ 
(=—1+ 46-040"... 


the sum is definitely 1. 

Since 0 obviously does not equal 1, something peculiar 
was going on. “Most people felt there was nothing illegal 
about regrouping the terms,” said Graham. “After all, it 
was just addition. But the 0 = 1 result showed that when 
it came to infinite series, it was a little tricky out there. 
People were confused for quite a while.” Niels Henrik Abel, 
the nineteenth-century Norwegian genius, was driven wild 
by these series. A year before his death at the age of 
twenty-seven, Abel declared: “The divergent series are the 
invention of the devil, and it is a shame to base on them 
any demonstration whatsoever. By using them, one may 
draw any conclusion he pleases, and that is why these series 
have produced so many fallacies and so many _ para- 
doxet:...” 

Even when mathematicians succeeded in taming infi- 
nite series, the concept of infinity itself still held plenty of 
surprises. At the end of the nineteenth century, for instance, 
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infinity proved to be not one concept but several. Georg 
Ferdinand Ludwig Philipp Cantor, a German mathemati- 
cian born in 1845 in St. Petersburg, offered a startling dem- 
onstration that infinity came in different sizes, just as 
integers did. In Galileo’s Dialogues on Two New Sciences, 
written two and a half centuries before Cantor, the great 
Italian scientist called attention to the one-to-one corre- 
spondence between the counting numbers (1, 2, 3...) and 
their squares, even though intuitively there seemed to be 
far fewer squares than counting numbers: 


eee 7 
, a ae 
1 4 9 16 25 36 49 


Galileo did not know what to make of this baffling 
correspondence, but Cantor did. He claimed the one-to-one 
correspondence should be taken at face value, that in fact 
there were just as many squares as there were counting 
numbers. By the same token, Cantor said, there were just 
as many even counting numbers as there were counting 
numbers overall: 


fee 4S 6 7 
avo et Im 
2 ee aye in we 


And just as many primes: 


! Se eeoNG) a7 
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Cantor concluded that all these infinite sets—of 
squares, even jntegers, and primes—were the same size, a 
size he called aleph-null, after the first letter of the Hebrew 
alphabet. Sets of size aleph-null were said to be denumer- 
able, or countably infinite, because their members could be 
put into one-to-one correspondence with the counting num- 
bers. Cantor then asked himself whether the infinite set of 
rational numbers—all fractions of the form a/b—was also 
of size aleph-null. The number of rationals would seem to 
be much greater, because in the narrow gap between 0 and 
1, for instance, there were infinitely many rationals: 1/171, 
16/17, 19/65, 1/5, 5/6, 1/8, 231/232, and the list goes on 
and on. But in the realm of the infinite, things are often 
not what they seem. Cantor put forward an ingenious proof 
that the rationals were also countably infinite, aleph-null 
once again. 

Cantor began the proof by arranging the rational num- 
bers in an infinite array. The first row contains in increas- 
ing order of magnitude all fractions with denominator 1, 
the second row all fractions with denominator 2, the third 
row, denominator 3, and so on: 


1/1 “2/1 5/1 479 5A 
1/2 2/2 3/2 4/2 5/2 
1/3 2/3 3/3 4/3 5/3 
1/4 2/4 3/4 4/4 5/4 
1/5 2/5 3/5 4/5 5/5 


Now, even though each row and column in this infinite 
array has infinitely many entries, Cantor showed that you 
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still could count the fractions. In his ingenious “diagonal 
argument,” he showed that the fractions could be put into 
one-to-one correspondence with the counting numbers by 
taking a diagonal tour through the array: one step to the 
right, then diagonally down to the left as far as you can 
go, then one step down, then diagonally up to the right as 
far as you can go, then repeat this procedure ad infinitum. 
(He knew, of course, that some fractions would be repeated; 
for example, 1/1, 2/2, 3/3, and 4/4 are all different rep- 
resentations of 1. When you come across alternative 
representations, just skip over them, he urged.) 


1/132/1 3/194/1 5/1>... 
Z Z Z 


ye ye 
1/2 2/2 3/2 4/2 5/2 
{ ¥ f , i. 3 ih ’ / 
9) 5 
sl ay iy albterdieg /3 
1/4 2/4 3/4 4/4 5/4 
LL wai Ja v4 


1/5 2/5 3/5 4/5 5/5 


“On each diagonal you're looking at all the fractions 
where the numerator and denominator have a fixed sum,” 
said Graham. It was clear to Cantor that by this diagonal 
tour he had achieved a one-to-one mapping between frac- 
tions and the counting numbers: 


1 2 3 4. 5 6 is 8 9 
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1/1 2/1 1/2 1/3 3/1 4/1 3/2 2/3 1/4 ... 


Cantor himself was surprised by his proof that the rationals 
were countably infinite. “I see it,” he said, “but I don’t 
believe it!” 
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Cantor was also taken with the weird arithmetic of 
aleph-null, No, the countably infinite. For example, 
€ 


N, + 1='N, and &, + ®, = X, 


These strange properties—that when you add 1 to infin- 
ity you still have infinity and, for that matter, when you 
double infinity you still have infinity—-were central to the 
paradox of Hotel Hilbert, named for the legendary Ger- 
man mathematician who heaped praise on Cantor’s work. 
“From the paradise created for us by Cantor,” said David 
Hilbert, “no one will drive us out.” Hotel Hilbert was said 
to have an infinite number of rooms. On a particular night 
all the rooms were occupied, but a VACANCY sign hung 
outside. A potential guest arrived, and the desk clerk gave 
him the key to room 1, after asking the occupant of room 
1 to move to room 2, the occupant of room 2 to move to 
room 3, the occupant of room 3 to move to room 4, and so 
on. The next night an infinite number of new guests ar- 
rived and none of the old guests had checked out. “No 
problem,” the desk clerk announced. He moved the occu- 
pant of room 1 to room 2, the occupant of room 2 to room 
4, the occupant of room 3 to room 6, the occupant of room 
4 to room 8, the occupant of room 5 to room 10, in gen- 
eral the occupant of room 7n to room 2n. That freed up in- 
finitely many odd-numbered rooms for the infinitely 
many new arrivals. 

As if the arithmetic of infinity wasn’t paradoxical 
enough, Cantor set out to find an infinite set that was big- 
ger than the infinity of counting numbers. He investigated 
the set of real numbers, which, you'll recall, consists of all 
numbers that can be represented as decimals. Just start 
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listing all the reals between 0 and 1 in no particular 
order, Cantor urged, and match them up with the counting 


numbers: 


12146789... 
52769234... 
11234568 ... 
43567233... 
645946784... 


nf NW NO 


It might seem that there should be enough counting 
numbers to match up with every real. But the reals simply 
can’t be put into one-to-one correspondence with the count- 
ing numbers. Assume the list does contain all the reals. 
According to Cantor’s diagonal argument, construct a new 
number from the digits in boldface, .12264..., by replacing 
every single digit by a different digit of your choosing. For 
example, you could add one to each digit to produce the 
number .23375... This new number is clearly a real num- 
ber so it should appear somewhere on the list. But it can’t 
be anywhere on the list because, by its very construction, 
its first digit differs from the first number on the list, its 
second digit differs from the second number on the list, its 
third digit differs from the third number on the list, and 
so on. Thus the list of reals isn’t complete; there are more 
reals than counting numbers to pair them with. Cantor had 
found a larger infinity, which he called aleph-one. 

“I entertain no doubts as to the truth of the trans- 
finites,” he said, “which I recognized with God’s help.” 
Cantor’s timing could not have been more fortuitous. No 


sooner had he published his proof than Pope Leo XIII de- 
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livered an influential encyclical calling on Catholics to open 
their minds to the teachings of science. With the pope as 
his unwitting publicist, Cantor had an audience. “From 
me,” he boasted, “Christian Philosophy will be offered for 
the first time the true theory of the infinite.” Though some 
Christian thinkers were critical of his trespassing on God’s 
territory, others took him at his word when he said he had 
shown God’s power to be even greater than ordinarily as- 
sumed. God’s realm, he argued, was not merely the count- 
ably infinite but the even greater transfinite. In a bow to 
Cantor, Erdés described the Book as having a transfinite 
number of pages. 

Even with a direct line to God, Cantor did not have 
an easy life. His closest son mysteriously dropped dead 
four days before his thirteenth birthday, and Cantor him- 
self was in and out of mental institutions, fighting break- 
downs and depression so debilitating that he’d sit rigid 
and mute for days at a stretch. In this trancelike state 
he’d hear the voice of God sharing pages from the Book. 
When he was up and about, he had a soft spot for con- 
spiracy theories. He got caught up in the intellectual cir- 
cus of trying to prove that Francis Bacon wrote the plays 
of Shakespeare and claimed to decipher messages about 
the first king of England, “which will not fail to terrify 
the English government as soon as the matter is pub- 
lished.” Cantor spent the last year of his life surviving on 
wartime rations in a mental hospital in Halle, Germany, 
pleading with his family to come and take him home. 
He died there of heart failure, on January 6, 1918, at the 
age of seventy-three. 

Cantor’s reception among his fellow mathematicians 
was as mixed as it was among theologians. Hilbert, to be 
sure, poured on the praise, as did Bertrand Russell, who 
described Cantor’s insights into the infinite as “probably 
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the greatest of which the age can boast.” But Leopold Kro- 
necker, a pillar of the German mathematical community, 
dismissed the transfinite, issuing his oft-quoted rebuke: 
“God made the integers; all else is the work of Man.” Kro- 
necker meant that only the integers were real, that other 
kinds of numbers were just figments of mathematicians’ 
hyperactive imaginations. Henri Poincaré, the great French 
geometer, echoed Kronecker and suggested that future 
generations of mathematicians would look back on Can- 
tor’s work as “a disease from which one has recovered.” 
The severity of the criticism exacerbated Cantor’s mental 
condition. 

In his more lucid moments, Cantor had wondered 
whether there was an infinity larger than the counting 
numbers but smaller than the reals. He believed that there 
wasn’t such an infinite set but he was unable to prove this 
conjecture, called the Continuum Hypothesis. In perhaps 
the most famous speech in mathematics, at the Second In- 
ternational Congress of Mathematicians held in Paris in 
1900, Hilbert posed twenty-three problems that he said 
cried out for solution in the new century. First on his list 
was the proof of the Continuum Hypothesis. Long after 
Cantor’s death, Gédel also tried to prove the Continuum 
Hypothesis but he, too, was defeated. In 1963, Gédel’s for- 
mer assistant, a twenty-nine-year-old named Paul Cohen, 
stunned the mathematics community with a proof that the 
Continuum Hypothesis could never be proved by the math- 
ematical axioms in common use. Cohen showed that you 
could assume the Continuum Hypothesis to be either true 
or false—take your choice—without contradicting other 
results about infinite sets. Cohen’s proof, though, was not 
easy for his colleagues to understand. 

“Mathematicians knew there was only one way to 
know whether the proof was correct,” John Barrow wrote 
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in Pi in the Sky, “and so soon Cohen found himself knock- 
ing on the door of Gédel’s residence in Princeton.” Gédel, 
who was in the throes of paranoia those days, didn’t let his 
old assistant inv He “opened the door just wide enough for 
Cohen’s proof to pass, but not so wide as to allow Cohen 
to follow. But two days later Cohen received an invitation 
to tea with the Godels. The proof was correct. The master 
had given his umprimatur.” Godel’s incompleteness theorem 
of 1929 had finally reared its ugly head in a real situation. 
When Gédel put forward his theorem, many mathemati- 
cians reluctantly acknowledged its truth but felt that only 
very contrived mathematical statements would prove to be 
undecidable. But now Cohen had shown that the problem 
Hilbert most wanted to solve was undecidable. 

Erdos never fully made his peace with Cohen’s result 
and the counterintuitive work of his friend Godel. “If I 
were alive in a thousand years, I would ask,” said Erdés, 
‘has there been a solution of the Continuum Hypothesis? 
Suppose you have an infinite intelligence, could it decide 
whether the Continuum Hypothesis is true or false? Most 
of the logicians believe it cannot be done. Yes, the Contin- 
uum Hypothesis is in a way undecidable. But it is conceiv- 
able that an infinite intelligence could decide it, because it 
is conceivable that there would be methods of proof which 
we can’t understand but which a higher intelligence would 
understand. I don’t want to say that such methods exist. I 
wouldn’t even say that I believe that such methods exist, 
but they might exist.” There is an old joke Erdoés liked to 
tell about a man who is trying to convert people who asks, 
“What would you say to Jesus if you saw him on the 
street?” Erddés said he’d ask Jesus if the Continuum Hy- 
pothesis was true. “And there would be three possible 
answers for Jesus,’ Erdés said. “He could say, ‘Godel and 
Cohen already taught you everything which is to be known 
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about it.’ The second answer would be, ‘Yes, there 1s an 
answer but unfortunately your brain isn’t sufficiently de- 
veloped yet to know the answer.’ And Jesus could give a 
third answer: “The Father, the Holy Ghost, and I have been 
thinking about that long before creation, but we haven't 
yet come to a conclusion.’ Perhaps this is the nicest answer. 
But most logicians would accept the first answer that Godel 
and Cohen told you everything there is to know about the 
Continuum Hypothesis.” 

An infinite intelligence, said Graham, would not be of 
any help here. Cohen showed that there is no ultimate 
sense in which the Continuum Hypothesis is either true or 
false. Either possibility is consistent with the rest of math- 
ematics. “We have a certain set of axioms that we use in 


’ said Graham, “and a certain set of rules for 


mathematics, 
how you manipulate the axioms to produce new theorems. 
And if you add the Continuum Hypothesis—that is, if you 
add the assertion that there is no infinite set larger than 
the counting numbers and smaller than the reals—you 
won’t run into any more trouble than you would have 
otherwise. 

“Now, the scary thing is that nobody knows in fact 
whether the current axioms we’re using are actually con- 
sistent. It may turn out that someone will find a way to 
prove some result and also prove that the result doesn’t 
hold. That makes you worry a little bit. When we do math- 
ematics, are we just playing some crazy game that really 
doesn’t make any sense at all because the axioms we're 
assuming are contradictory? Once you have a system in 
which you can prove X is true and also prove X is false, 
then you can prove anything. So what are you doing? 

“There’s an old Robert Mankoff cartoon in which a 
thoughtful guy who looks hke a mathematician only 
dressed better is in a restaurant discussing his bill with the 
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waiter. “The arithmetic seems correct,’ he says, ‘yet I find 
myself haunted by the idea that the basic axioms on which 
the arithmetic is based might give rise to contradictions 
that would then “invalidate these computations.’ I suppose 
we can take consolation in the fact that if mathematics 
were contradictory, the contradictions should have shown 
up by now. They haven't, so mathematics is probably okay. 
But the trouble is that set theory went happily along for 
some time before the ominous paradoxes arose that de- 
feated Frege and Russell.” 

For all his waffling about Godel and Cohen, Erdés was 
quick to embrace Cantor’s discovery of the transfinite. 
Erdés was always trying to extend finite combinatorial 
problems into the realm of the infinite and beyond, and he 
made fundamental contributions to the theory of “inacces- 
sible cardinals,” infinite sets much larger than the real 
numbers. 

One beautiful result of Cantor’s work was a proof that 
transcendental numbers (nonrepeating, nonterminating 
decimals) actually exist. As ubiquitous as 1% and e had be- 
come in mathematics, before the nineteenth century no one 
had proved that these numbers were transcendental. For 
all mathematicians knew, the decimal expansions of 7 and 
e, if carried out a few more digits, might suddenly termi- 
nate or start repeating. It wasn’t until 1873, the same year 
Cantor showed the existence of the transfinite, that Charles 
Hermite was able to prove the transcendence of e, and the 
proof thoroughly exhausted him. “I shall risk nothing,” 
Hermite told a colleague, “on an attempt to prove the tran- 
scendence of W. If others undertake this enterprise, no one 
will be happier than I at their success, but believe me, my 
dear friend, this cannot fail to cost them some efforts.” 

In 1874, Cantor showed that the set of transcendental 
numbers was too big to be countable. What Cantor had 
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done, without actually demonstrating that any particular 
number was transcendental, was to show that the seem- 
ingly rare transcendental numbers were not rare at all. In 
fact, they were infinitely more numerous than the familiar 
integers. His proof gave no clue as to how to construct a 
single one of the multitudes of transcendentals. And they 
were hard to find, despite Cantor’s demonstration that they 
outnumbered the counting numbers. Eight more years 
would go by before Ferdinand Lindemann of the Univer- 
sity of Munich finally proved the transcendence of 1. ‘That 
was in 1882, more than 2,100 years after Archimedes made 
the first crude estimates of the value of 1, approximating 
it to 2 decimal places. Today 7 is known to more than 50 
billion decimal places. In the engineering world, you need 
know 7 to only 39 places in order to compute “the circum- 
ference of a circle girdling the known universe with an 
error no greater than the radius of a hydrogen atom.” 

The idea of an existence proof—demonstrating the ex- 
istence of something without being able to display that 
something—was unsettling to mathematicians of the old 
school. In time this method of proof was pretty much fully 
accepted. As well it should have been. Existence proofs, to 
be sure, aren’t at all troubling in everyday, nonmathemat- 
ical life: If I manage a stadium, for instance, that has 
50,000 seats, and I count 49,999 people filing through the 
gates for an open-seating concert, I can be sure of the ex- 
istence of an empty seat, even if I don’t know precisely 
where it 1s. 

One of Erdés’s most fundamental contributions to 
mathematics was to come up with a powerful new form of 
an existence proof called the probabilistic method. Erdés 
introduced the technique in 1947 to solve a Ramsey prob- 
lem. Imagine a group of people at a party. Erdés in effect 
flipped a coin to decide whether each pair of people are 
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friends or strangers. The result is a random pairing of 
friends and strangers. Erdés then proved that the proba- 
bility of avoiding a particular mix of people is over- 
whelmingly good provided the party isn’t too large. “If 
what you're dealing with gets too large,” said Graham, 
“you can’t avoid structure—that’s Ramsey theory. With his 
probabilistic method, Erdés proved that you can still get 
quite large and avoid a particular structure, although his 
method doesn’t tell you how to actually avoid the structure. 
It’s like certain methods that prove a number is composite 
but give you no hint as to what the prime factors are. You 
know the factors must exist, but you have no clue. It’s the 
same with the probabilistic method. And there are a num- 
ber of things that are known to exist by this probabilistic 
method but people have no idea how to build them.” 

The idea of flipping a coin to help solve mathematical 
problems was disconcertingly radical in a field prized for 
its precision, but it 1s now commonplace in computer sci- 
ence. The irony is that Erdés, who shunned computers, 
made a major contribution to the theory of computing. 
Making a random choice, it turns out, often proves to be 
an excellent way of avoiding computational gridlock. “Two 
people walking in opposite directions on a sidewalk both 
step to the same side to avoid colliding, then do it again 
and again,” Ivars Peterson wrote in The Jungle of Random- 
ness. ‘“They get trapped in an embarrassing dance until the 
stalemate is somehow finally broken. A coin toss can solve 
the problem for both the inadvertent dancers and the com- 
puter that is engaged in resolving conflicting instructions 
or deciding which of two or more equally likely courses to 
take.” 

‘Random methods were effective in the routing of tele- 
phone calls,” said Graham, who spent thirty-five years in 
R&D at AT&T. “If the system got overloaded on a regular 
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link, it routed the call to another link. Suppose that nor- 
mally a call between New York and Chicago took link 1. 
And there was a rule that said if link 1 was busy, go to 
link 2, and if that was busy, go to link 3, and so forth. 
Well, if you were too specific like this, the traffic got all 
piled up. You want to avoid systematic bias. It was better 
to have no rule and just pick a random link. Things work 
a little differently today, but the random approach had its 
heyday at the phone company. 

“The same computational challenge came up in the 
early days of Star Wars. You have all these incoming mis- 
siles and you’re defending things. Well, how do you coor- 
dinate the counterattack? Who shoots down what? The idea 
is to do it at random. The first pass is to look out there 
and pick a random missile. If you have lots of defensive 
missiles randomly attacking even thousands of missiles 
coming in, it’s very unlikely that you’re not going to pick 
them all off. Of course, the trouble is there’s a penalty if 
you're wrong. Oops, no one got that one. Washington up 
in smoke! You can prove that the random defense is very 
effective, but that wasn’t convincing. Issues of national de- 
fense defy logic. It doesn’t matter what you can prove or 
not prove.” 

In 1989, in celebration of Erdés’s probabilistic method, 
mathematicians who had come together for the Random 
Graph Conference in Poznan, Poland, staged a random race. 
As they ran around a track, they didn’t know how to pace 
themselves because they didn’t know when the race was 
going to end. Before the race started, Erddés, as the master 
of ceremonies, tossed a huge die. This determined the in- 
itial number of laps. But as the mathematicians approached 
the finish line, Erdés threw the die again, specifying an 
additional number of laps. Erdés grinned broadly, clearly 
enjoying his role as the tormenting SF. 
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My only advice is, if you can get me to offer 
you $5,000 not to open the door, take the money 
and go home. 


—Monty Hall 
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Although numbers were Erddés’s intimate friends, he did 
occasionally misjudge them. Good as he was, his intuition 
was not always perfect. Indeed, the last time he visited 
Vazsonyi, at his retirement home in California’s wine coun- 
try, he tripped up on a tricky brain teaser posed in “Ask 
Marilyn,” Marilyn vos Savant’s column in Parade maga- 
zine. Flashy and confident, vos Savant is someone profes- 
sional mathematicians love to hate. She bills herself as the 
person with the “Highest IQ” ever recorded, a whopping 
228, according to The Guinness Book of World Records. She 
sports a wedding ring of pyrolytic carbon, a special material 
used in the Jarvik artificial heart, which was invented by 
her husband, Robert Jarvik. Her reputation in the mathe- 
matics community was not helped by her book The World’s 
Most Famous Math Problem (1993), in which she questions 
Wiles’s proof of Fermat’s Last Theorem and Einstein’s the- 
ory of relativity. “Ask Marilyn” has been described as a 
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kind of “Hints from Heloise” for the mind, with lots of 
mathematics thrown in. Some of the dislike for her stems 
from puzzle envy: Her Parade column is read by millions 
every Sunday,-and the accompanying books and speaking 
engagements have earned her a good living. Many profes- 
sional mathematicians, on the other hand, have not earned 
a cent from their books. 

In her column for September 9, 1990, vos Savant an- 
swered a well-known brain teaser submitted by one of her 
readers. You’re on a game show and you're given the choice 
of three doors. Behind one door is a car, behind the other 
two are goats. You choose, say, door 1, and the host, who 
knows where the car is, opens another door, behind which 
is a goat. He now gives you the choice of sticking with 
door 1 or switching to the other door? What should you 
do? 

This was the so-called Monty Hall dilemma faced by 
guests on Monty Hall’s classic TV game show Let's Make 
a Deal, only the consolation prizes weren’t goats. Vos Sa- 
vant advised her correspondent to switch doors. Sticking 
with the first choice gives a one-third chance of winning, 
she said, but switching doubles the odds to two-thirds. ‘To 
convince her readers, she asked them to imagine a million 
doors. “You pick door No. 1,” she said. “Then the host, who 
knows what’s behind the doors and will always avoid the 
one with the prize, opens them all except door No. 777,777. 
You'd switch to the door pretty fast, wouldn’t you?” 

Evidently not. No sooner had her column appeared 
than she was besieged by mail from readers who disagreed, 
including many mathematicians. ‘They maintained the odds 
were only fifty-fifty, not two-thirds, in favor of switching. 
In her December 2, 1990, column vos Savant ran some of 
the letters: 
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As a professional mathematician, I’m very concerned 
with the general public’s lack of mathematical skills. 
Please help by confessing your error.... 

Robert Sachs, Ph.D., George Mason University 


You blew it, and you blew it big! Pll explain: After the 
host reveals a goat, you now have a one-in-two chance 
of being correct. Whether you change your answer or 
not, the odds are the same. There is enough mathemat- 
ical illiteracy in this country, and we don’t need the 
world’s highest IQ propagating more. Shame! 

Scott Smith, Ph.D., University of Florida 


This time, to drive her analysis home, vos Savant made 
a table that exhaustively listed the six possible outcomes: 


Door 1 Door 2 Door 3 Outcome 
(choose No.1 and 
stick with No. 1) 


Car Goat Goat Win 
Goat Gar Goat Lose 
Goat Goat Car Lose 
Door 1 Door 2 Door 3 Outcome 


(choose No. 1 
and switch) 


ar Goat Goat Lose 
Goat Car Goat Win 
Goat Goat Car Win 


The table demonstrates, she wrote, that “when you switch, 
you win two out of three times and lose one time in three; 
but when you don’t switch, you only win one in three 
times.” 
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But the table did not silence her critics. In a third col- 
umn on the subject (February 17, 1991), she said the 
thousands of letters she received were running nine to one 
against her and-included rebukes from a statistician at the 
National Institutes of Health and the deputy director of the 
Center for Defense Information. The letters had gotten 
shrill, with suggestions that she was the goat and that 
women look at mathematical problems differently from 
men. “You are utterly incorrect about the game-show ques- 
tion,” wrote E. Ray Bobo, a Ph.D. at Georgetown, “and I 
hope this controversy will call some public attention to the 
serious national crisis in mathematical education. If you can 
admit your error, you will have contributed constructively 
toward the solution to a deplorable situation. How many 
irate mathematicians are needed to get you to change your 
mind?” 

‘When reality clashes so violently with intuition,” vos 
Savant responded in her column, “people are shaken.” This 
time she tried another tack. Imagine, she said, that just 
after the host opened the door, revealing a goat, a UFO 
lands on the game-show stage, and a little green woman 
emerges. Without knowing what door you originally chose, 
she is asked to choose one of the two unopened doors. The 
odds that she’ll randomly choose the car are fifty-fifty. “But 
that’s because she lacks the advantage the original contes- 
tant had—the help of the host....If the prize is behind 
No. 2, the host shows you No. 3; and if the prize is behind 
No. 3, the host shows you No. 2. So when you switch, you 
win if the prize is behind No. 2 or No. 3. YOU WIN 
EITHER WAY! But if you don't switch, you win only if 
the prize is behind door No. 1.” Vos Savant was completely 
correct, as mathematicians with egg on their faces ulti- 
mately had to admit. 
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Vazsonyi told Erdés about the Monty Hall! dilemma. “I told 
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Erdés that the answer was to switch,” said Vazsonyi, 
fully expected to move to the next subject. But Erdés, to 
my surprise, said, ‘No, that is impossible. It should make 
no difference.’ At this point I was sorry I brought up the 
problem, because it was my experience that people get ex- 
cited and emotional about the answer, and I end up with 
an unpleasant situation. But there was no way to bow out, 
so I showed him the decision tree solution I used in my 
undergraduate Quantitative Techniques of Management 
course.” Vazsonyi wrote out a “decision tree,” not unlike 
the table of possible outcomes that vos Savant had written 
out, but this did not convince him. “It was hopeless,” Vaz- 
sonyi said. “I told this to Erdéds and walked away. An hour 
later he came back to me really iritated. ‘You are not 
telling me why to switch,’ he said. ‘What is the matter 
with you?’ I said I was sorry, but that I didn’t really know 
why and that only the decision tree analysis convinced me. 
He got even more upset.” Vazsonyi had seen this reaction 
before, in his students, but he hardly expected it from the 
most prolific mathematician of the twentieth century. 
“Physical scientists tend to believe in the idea that 
probability is attached to things,” said Vazsonyi. “Take a 
coin. You know the probability of a head is one-half. Phys- 
ical scientists seem to have the idea that the probability of 
one-half is fused with the coin. It’s a property. It’s a phys- 
ical thing. But say I take that coin and toss it a hundred 
times and each time it comes up tails. You will say some- 
thing is wrong. The coin is false. But the coin hasn’t 
changed. It’s the same coin that it was when I started to 


et 


GETTING THE GOAT 


toss it. So why did I change my mind? Because my mind 
has been upgraded with information. This is the Bayesian 
view of probability. It took me much effort to understand 
that probability “isa state of mind. My hypothesis is that 
Erdés had this idea of probability as being attached to phys- 
ical things and that’s why he couldn’t understand why it 
made sense to switch doors.” 

Vazsonyi’s retirement home is on the edge of a golf 
course. As Erdéds pondered the Monty Hall problem and 
thought about the SF only knows how many other conjec- 
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tures, “he insisted on walking along the golf course,” said 
Laura Vazsonyi, “which they tell you not to do. You can 
be hit by balls; they’re lke bullets. There are signs every- 
where warning against walking along the golf course. And 
we tried to stop him. But he wasn’t too easily dissuaded. 
He never wanted his freedom to be restrained in any way.” 

When Erdés returned from his walk, Vazsony: tackled 
the Monty Hall dilemma with a technique developed by 
Erdés’s late friend Stan Ulam, called the Monte Carlo 
method. In 1946, Ulam had played a lot of solitaire while 
recovering from his bout with encephalitis. “After spending 
a lot of time trying to estimate [the odds of particular card 
combinations] by pure combinatorial calculations, I won- 
dered whether a more practical method than ‘abstract 
thinking’ might not be to lay [the cards] out say one hun- 
dred times and simply observe and count the number of 
successful plays,’ Ulam recalled. “This was already possible 
to envisage with the beginning of the new era of fast com- 
puters, and I immediately thought of problems of neutron 
diffusion and other questions of mathematical physics, and 
more generally how to change processes described by cer- 
tain differential equations into an equivalent form inter- 
pretable as a succession of random operations.” The idea of 
this Monte Carlo method, named in honor of a relative of 
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Ulam’s who was always sneaking off to the roulette wheels 
at Monte Carlo, was to compute the odds of an event not 
by solving equations but by randomly simulating the event 
on a computer. In other words, to find the odds of a par- 
ticular card formation in solitaire, ask a computer to deal 
hundreds of random hands, and count the incidence of the 
formation in question. 

On his PC Vazsonyi ran a Monte Carlo simulation of 
the Monty Hall dilemma. Erdés, who never had much use 
for computers, watched the PC randomly choose whether 
to switch or stick. The outcome of hundreds of trials fa- 
vored switching two to one, and Erddés conceded that he 
was wrong. But the simulation was no more satisfying than 
the computer proof of the Four Color Map Theorem. It 
wasn't the Book proof. It didn’t reveal why it was better 
to switch. Erdés, who found Vazsonyi’s explanations lack- 
ing, was ready to leave. 

This was the last time Vazsonyi and Erdés would see 
each other. Erdés wanted Vazsonyi to drive him two hours 
to San Francisco International Airport. 

“T’m not going to do that,” Vazsonyi told him. “It’s too 
Paes 
‘How will I get there?” Erdés said. 

“Pll put you on a bus.” 

“That won’t work.” 

Ny?” 

“When I get off the bus, what am I going to do?” 
“When you get off the bus, the driver will take your 
suitcase and put it on the sidewalk. There will be a nice 
man in front of the counter—United Airlines. You show 
the guy your ticket and he’ll take your bag.” 

Erd6és wasn’t happy about going to the airport by him- 
self but finally consented. “He called later,” said Vazsonyi, 
“and said it worked out just fine. He was so used to being 
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taken care of. He assumed that there was nothing he could 
do alone. From his early upbringing by his mother, he was 
put in this frame of mind.” 

Erdos did not-forget the Monty Hall problem. He called 
Graham and demanded the Book proof. ““The key to the 
Monty Hall problem,” Graham said, “is knowing ahead of 
time that the host is always going to give you the chance 
to pick another door. That’s part of the rules of the game 
which you have to figure into your thinking.” Erdés ac- 
cepted Graham’s explanation. 

“When he didn’t understand something,” said Graham, 
“he did not make it easy for you to convince him. He was 
always interrupting and getting angry. Conversely, when 
he tried to explain a proof to you, it was not always easy 
to follow him. Once Fan was so annoyed with him that she 
said she was never going to work with him again. I was 
always the intermediary between the two of them, part 
translator, part peacemaker. Paul left out a lot of mental 
steps when he was explaining something. If you were with 
him a lot, you could stop him and make him fill them in. 
Fan does the same thing when she explains something, 
only she leaves out different steps. So when they’re com- 
municating back and forth, they’re leaving out too many 
steps. Paul had a problem he really cared about and Fan 
solved it. He asked her to explain the solution. She had 
barely started when he suggested another approach. She 
said, ‘No, Paul, ’'m explaining this.’ Finally after half an 
hour she was completely frustrated. And he said, ‘I don’t 
think Fan’s English is good enough to explain this to me.’ 
That sent her over the edge because her English is perfectly 
good. Paul just wanted to see it in his way. When you've 
thought about a complicated argument and you have your 
own notation in your mind, and Paul interrupts and says, 
‘Well, try it this other way and define such-and-such as the 
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inverse,’ it’s like asking a right-handed person to do a dif- 
ficult new athletic stunt left-handed. ‘What? I can barely 
do it right-handed.’ 

“Near the end of his life Paul appreciated that his ex- 
planations were sometimes hard to follow. He realized this 
when he looked back at his old papers and was impressed 
by how hard it was for him to understand his own argu- 
ments of thirty or forty years earlier. He asked me once, 
‘Do you notice anything different about me?’ I said, ‘No, 
not really.’ He said, ‘You’re supposed to be so perceptive, 
haven’t you noticed how depressed I am lately?’ I said, 
‘Well, maybe.’ ‘I see now,’ he said, ‘that I’m really losing 
it. I don’t know what to do about it. It’s pretty depressing.’ 
I said, ‘Paul, you’re still way up above everyone else.’ He 
used to ask me to check things because he was afraid of 
making a stupid mistake, but he usually didn’t make mis- 
takes.” Which was just as well, owing to his often-repeated 
comment that if he could no longer do mathematics, he 
would have to commit suicide. 

Time and again, Erdés’s wry sense of humor lifted his 
own spirits. When he overlooked a simple result in graph 
theory once, he said, “I should be put under tutelage.... 
Hungary used to be a semi-feudal country and if a rich 
aristocrat became old and spent all his money on poison, 
bosses, and noise, his family put him under tutelage. He 
was given a large sum of money but couldn’t touch his 
main capital.” 

Erdés’s tired and sickly appearance deceived his friends 
over the years. Back in the 1940s, Vazsonyi recalled, “we 
always thought that his health was so fragile that he was 
not going to live long. He looked so frail. He always looked 
unhealthy. But he outlived most everybody.” It was only 
during the last ten years of his life that health problems 
slowed Erdés down a bit, although he continued to do work 
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at what by any other mathematician’s standard was a fre- 
netic pace. He began to lose sight in one eye, but didn’t 
want to take tfme out from mathematics to get the req- 
uisite care. _ 

“He dropped his glasses once,” said Ralph Faudree, a 
Ramsey theorist at the University of Memphis, “and one 
of the lenses shattered but didn’t fall out. Erdés said, ‘No 
problem. I can’t see out of that eye anyway,’ and started to 
put the glasses back on. I was afraid that shards of glass 
would get in his eye, so I popped the broken lens com- 
pletely out. I knew Graham had a duplicate pair at Bell 
Labs, so we called him and got them sent down. A little 
later I saw Paul wearing a pair of glasses. I didn’t think 
he could have gotten them that fast. “Are those from Gra- 
ham?’ I asked. ‘No,’ he said, looking puzzled. “These don’t 
help much either.’ He thought for a moment and then 
added, ‘I must have picked up someone else’s glasses.’ He 
thought some more, and then burst out smiling: ‘It’s prob- 
ably the guy [’m staying with! I'l] call him and see.’ ” 

Eventually he lost all vision in that eye and badly 
needed a corneal transplant. A suitable donor was hard to 
come by. Ralph Faudree’s wife, Pat, who is a nurse, pulled 
some strings to get him advanced in the queue. (“Surgery 
will advance all of mathematics,” she told the hospital.) 
Still months passed before the Faudrees got a call that a 
match had been found. Erdés had just left Memphis and 
was on a plane to Cincinnati, where he was scheduled to 
give a talk. At first he refused to skip the talk and get the 
transplant. It took lots of stern prodding to get him back. 

The transplant took about two hours. Before the oper- 
ation, the doctor carefully explained to him the procedure. 

“Doctor,” Erdés said, “will I be able to read?” 

“Yes,” said the doctor. “That’s the whole point of the 
surgery.” 


cd 


243 


Erdés went into the operating room, and when the 
lights were dimmed, he immediately got agitated. “Why 
are you turning the lights down?” 

“So we can do the surgery.” 

“But you said I’d be able to read.” 

He then had a huge argument with the surgeon 
about why, since only one eye was being deadened, he 
couldn’t read a mathematics journal with the other, good 
eye. The surgeon made a series of frantic calls to the 
Memphis math department. “Can you send a mathema- 
ticlan over here at once so that Erddés can talk math dur- 
ing surgery?” The department obliged, and the operation 
went smoothly. 

“After a corneal implant, it takes some time for your 
brain to learn to focus both eyes together,” said Faudree. 
“Erdés spent a miserable year, which he let everyone know 
about, seeing double. That was tough for him because read- 
ing mathematics was so important to what he did.” 

Erdés’s heart wasn’t doing much better than his eyes. 
“For the past decade he had trouble with a sudden, sharply 
elevated pulse,” said Faudree. “I was eating with him in a 
Greek restaurant when he realized that his heartbeat had 
shot up to 150. I rushed him to the emergency room. I 
remember vividly seeing him hooked up to a monitor. You 
could read his elevated pulse. But suddenly it started drop- 
ping, not just dropping, plunging. I thought it might drop 
to zero but it bottomed out at 65. A cardiologist kept him 
in the hospital but Erdés insisted on working. He had pa- 
pers spread out all over the hospital bed and a parade of 
mathematicians coming in and out. The nurses tried to 
restrain him but couldn’t. He did the same thing when he 
was hospitalized in Hungary. He drove doctors and nurses 
crazy.” 

“My wife and I visited him in Budapest in the spring 
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of 1988,” said Faudree’s Memphis colleague, Chip Ord- 
man. “He had had a small heart attack and was in the 
hospital. He told us that they had to move him from one 
hospital to another because the first place didn’t have a 
room big enough to hold all the visitors. Sure enough, 
his new room was huge, and it was a complete mess. 
There were journals piled up and papers everywhere. 
Erdos was lying there, holding three mathematical con- 
versations at once, in Hungarian with a group in one cor- 
ner, in German with a group in another corner, and in 
English with a third group. All this while talking to me 
and my wife. The doctors came in and he said, ‘Go away! 
Can’t you see I’m busy? Come back in a few hours!’ And 
that’s what they did.” 

Eye ailments and heart problems did not stop him 
from resuming his twenty-five-country lecture circuit. He 
observed that the audiences for his talks were growing to 
the point where to accommodate everybody he would 
need a larger lecture hall, but then his old and feeble 
voice would not carry. He speculated on the reason for 
his increased popularity: “Everyone wants to be able to 
say, ‘I remember Erdés. Why I even attended his last 
leeuares’ ” 

The last year of his life, 1996, was particularly rough. 
The annual International Symposium on Combinatorics, 
Graph Theory, and Computing was held in March around 
Erdés’s birthday. The conference alternated between Boca 
Raton, Florida, and Baton Rouge, Louisiana, and in both 
cities he traditionally lectured on Thursdays. (In 1994, in 
Boca, he had complained about becoming “probably a 


? 


square for the very last time,” a reference to his reaching 
the age of nine squared, or eighty-one, and not expecting 
to make it to one hundred, or ten squared.) About halfway 


through his March 1996 lecture, also in Boca, he got up to 
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write at the blackboard and suddenly fell down stiff as a 
board. His blood pressure was very low, his heart rate down 
to 37. He was lying there flat but with his microphone still 
attached. People were scared and anxious and security was 
trying to get them to file out. “Tell them not to leave,” he 
said, regaining consciousness. “I have two more problems 
to tell them.” Later that day, recalled his friend Alexander 
Soifer, “there was an excursion to New Orleans for Mardi 
Gras. Of course I offered to stay with him. But he said, 
‘Just go and enjoy yourself. I’m fine. It’s nothing. After 
Mardi Gras, come to my room and we’ll do some mathe- 
matics.’ ” 

In June he was listening to Gerhart Ringel, a mathe- 
matician from Santa Cruz, deliver a talk at a conference in 
Kalamazoo, Michigan. “As the talk ended and people were 
leaving, Paul, who was sitting in the front row, quietly 
asked him a question,” said Michael Jacobson, a set theorist 
at the University of Louisville who wrote two papers with 
Erdés. “In the middle of his question he fell over and was 
out cold. By late that morning surgeons had put in a pace- 
maker. Sure enough that very evening Paul attended the 
closing banquet. His two heart surgeons were sitting next 
to him. Paul got up, took a little bow, introduced the sur- 
geons, and then said, ‘Now I just want to finish asking Dr. 
Ringel my question.’ That said it all: Mathematics was his 
Wwe 

“He never wanted pity,” said Soifer. “When he called 
me from Kalamazoo, he didn’t mention that he had just 
received a pacemaker. Instead, he asked about my kids and _ 
my wife and questioned me about my European plans. I 
said I’d come to Budapest. And he said, ‘No, P’ll come to 
Prague.’ He didn’t say a word about his heart condition. I 
only heard about it later. It was very painful to learn in 
September—I was in Prague and we were about to meet 
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up—that Erdés had passed away. He made us used to the 
idea that he would live forever. For decades he had been 
joking about dld age and death. All his humor about old 
age was like an.jnjection for us. We were vaccinated and 
prepared that Paul would live forever—or for at least as 


long as we did.” 
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Dear Ron, 
Please send me Uncle Paul’s birthdate if 
you have it. Then we will have something to 


look forward to and not be so depressed. 


Thanks, Ed 


P.S. I hope he is giving the SF all sorts of 
trouble. | 


Ed, 
I think Erdés is too busy reading the Book 
to give anyone much trouble (for a while). 


Paul’s birthday is March 26, 1913. 
Ron 


March 1997 at the University of Memphis: the students 
had scattered for spring break. The campus would be de- 
serted if it weren’t for 260 world-class mathematicians from 
four continents who had come together for the 919th meet- 
ing of the American Mathematical Society. Apple trees 
were blossoming, warblers were singing to their mates, and 
the muddy waters of the nearby Mississippi were surging 
to flood levels. Inside a boxy brick building, in windowless 
lecture rooms, immune to the explosion of spring, were the 
mathematicians, cheerfully holed up for two long days of 
proving and conjecturing. 
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Nothing about the design of this inelegant building 
gave a clue to the elegant thinking that went on inside. 
There were né pi signs etched in the bricks, no statues of 
Gauss or Kuler_in the courtyard. There was no relief of 
Archimedes drawing a circle in the sand or running half- 
naked from his bath shouting “Eureka!” And there was no 
wrenching painting of Hypatia of Alexandria, who met her 
death early in the fifth century at the hands of a mob who 
dragged her from her classroom and peeled off her skin 
with oyster shells. 

What cried “out math department” was not the look of 
the place but the notices plastered haphazardly on the hall- 
way walls. A Day-Glo orange poster advertised a seminar 
in ergodic theory; a more subdued notice billed a special 
lecture on quasiconformal mappings; another called for sub- 
missions to an upcoming graph theory conference. On the 
wall too were Erddés obituaries, random aphorisms (“Safety 
comes in numbers,” “Mathematicians do it better’), and 
curious musings, including a passage from an unidentified 


source: 


In some countries it is the style of the university pro- 
fessor to stand at the lectern in the front of the room 
and to read the textbook to the class. Questions are con- 
sidered a rude Americanism. An extreme example of a 
teaching style that is virtually orthogonal to what we 
Americans are used to is one that was used by the cel- 
ebrated Hungarian analyst F. Riesz. He would come to 
class accompanied by an Assistant Professor and an As- 
sociate Professor who would act as his assistants. The 
Associate Professor would write the words on the black- 
board. And Riesz would stand front and center with his 
hands clasped behind his back and nod sagely. 


The cartoons on the walls also gave the place away: 


© sIDNEY HARRIS 


G.B. TRUDEAU 


WWe7- 


: JUWES, YOU HAVE TO 
MAKE ge 


THATS A LITTLE NAIVE, JULES. 
THIS 1S A NEW GENERATION 

OF STUDENTS. THEY INSIST ON 
A CERTAIN ge ae 
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But among all these mathematical postings was the odd 
Pentecostal flyer: “The Flesh of God. The Promise is Unto 
You. (The Holy Ghost evidenced by speaking in other 
tongues).” And on a blackboard covered with mathematical 
notation were the words, in large, childlike handwriting: 
‘Jesus said to him: ‘I am the way, the Truth and the Life. 
No one comes to the Father but through me.’” Here in 
Memphis, in the heart of the Bible Belt, the mathemati- 
clans weren’t the only ones who were trying to discern 
what’s on the SF’s mind. 

A man of slight build in his fifties was pacing in the 
hallway, rehearsing the talk he was scheduled to give later. 
“Tm walking testimony to the fact that brain cells atrophy 
if you don’t use them,” he said. “I’ve had so little time for 
mathematics these past few months, ever since I took on 
administrative responsibilities at my college, that I’ve be- 
come rusty. It would be embarrassing if I can’t recount the 
difficult steps in my own proof. I should have brought my 
younger collaborators along to present our results. [rdés 
liked to joke that we lose 50,000 brain cells a day, and here 
I am proving him right.” 

On the wall behind the nervous pacer was a Sidney 
Harris cartoon that wouldn’t give him comfort: An older 
mathematician is shown staring vacantly at a blackboard 


on which 1s written: 


Ww 


Two other, younger mathematicians are observing him 
from an adjacent blackboard marked up with far more 
complex problems. One whispers to the other, “He was very 


big in Vienna.” 
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Like chess grandmasters and ballet stars, strong math- 
ematicians fear the day when they sense their abilities slip- 
ping away——and that day usually comes long before old 
age. As Erdés put it, quoting his friend Ulam, “The first 
sien of senility is that a man forgets his theorems, the 
second sign is that he forgets to zip up, the third sign is 
that he forgets to zip down.” 

The pacing man stopped abruptly and peered into one 
of the lecture rooms. A young graph theorist, who couldn’t 
possibly be worrying yet about senility, was wrapping up 
a crowd-pleasing talk. He paused in his remarks and stared 
intensely at a long chain of symbols on the blackboard. 
After a minute or two, he shrugged his shoulders, turned 
back to his audience, and announced, “It’s a little bit fishy 
to see that this 1s true, but if you think hard for thirty 
minutes, you'll know that it is true.” Everyone laughed. 
His talk was over, but three of his listeners stayed in their 
seats, taking him up on the deep think. 

The rest filed out and raced toward a folding table that 
supported two large brown plastic tanks, one labeled WITH 
CAFFEINE, the other WITHOUT CAFFEINE. The mathemati- 
cians had already tanked up once, before the graph theo- 
rist’s talk, and now the labels on the tanks were curiously 
switched. The mathematicians were in a tizzy and stared, 
puzzled, at the tanks. Their collective brainpower, fine for 
discerning the latest wrinkles in infinite graph theory, was 
stalling out on the case of the true Joe. 

Finally a lightbulb went off in the head of a jovial, 
beer-bellied fellow in a JoY OF SETS T-shirt. He stepped 
forward and filled his Styrofoam cup, half from one tank 
and half from the other. “I see,” laughed one of his com- 
patriots, “the game-theoretic solution!” 

‘T have another solution,” said a thin man whose hands 
trembled slightly, apparently from a caffeine high. He 
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filled his cup a quarter full from one of the tanks. “This 
is the asymptotic solution,” he announced. “I’m already so 
wired I only want a little bit more; whatever is in the cup, 
I win.” - 

A bystander who was a physicist rather than a math- 
ematician didn’t understand the need for all this sophisti- 
cated thinking. He pointed out that one tank was bigger 
than the other, and that the bigger tank presumably held 
caffeinated coffee since more people drink it than drink 
decaf. The mathematicians were taken aback by the sim- 
plicity of the solution. “Our different approaches,” said the 
physicist, “remind me of an old joke. A physicist and a 
mathematician are flying cross-country together. Each is 
keeping a diary of the trip. They fly over a white horse 
in Iowa. The physicist writes, “There is a white horse in 
Iowa. The mathematician writes, “There exists, some- 
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where in the Midwest, a horse, white on top. 


The search for mathematical truth first drew Erdés to 
Memphis in 1974. He came to visit two young men, Ralph 
Faudree and Dick Schelp, who had impressed him by solv- 
ing a tricky problem in Ramsey theory. Eirdés found their 
company sufficiently stimulating that he returned to the 
City on the Bluff every year, sometimes as many as four 
times a year, until 1996. So successful were these trips that 
he wrote forty-six papers with Faudree, and numerous oth- 
ers with Schelp and three other Memphis mathematicians, 
including the relocated Hungarian prodigy Bela Bollobas, 
who was fourteen, in 1957, when he won Hungary’s infa- 
mous student math competition and was rewarded with an 
audience with Erdés at a Budapest hotel. “By the time I 
was nine, I very much wanted to do mathematics,” recalled 
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Bollobas, “but I didn’t know that there was such a thing 
as being a mathematician. | mean, why would anyone pay 
a person to be a mathematician?” Erdés evidently provided 
young Bollobas with a convincing answer, because their 
first meeting was the start of a forty-year collaboration that 
resulted in fifteen papers. 

The last time Erdés and Bollobas saw each other in 
Memphis was March 1996. The annual Memphis confer- 
ence coincided with Erdés’s birthday, or as he always said, 
his “birthday wake.” He turned eighty-three in 1996, and 
observed then that it was “better to be 38 than 83. Old 
age,” he said, “is unpleasant in many languages.” And then 
he repeated “Old age is unpleasant” in Hungarian (“Rossz 
dregnek lenni”), Hebrew, French, and German. 

Old age or not, he hadn’t lost any of his feistiness. He 
derided as “Fascist nonsense” the pending “monkey bill” 
that would restrict Tennessee teachers from teaching evo- 
lution. “You know what I say,” Erddés said as he wrapped 
up his formal lecture. “Everything but mathematics must 
come to an end, and this also applies to lectures about 
mathematics. If I live, I will be back. If I don’t, I won’t.” 

Erdos, of course, didn’t live, and his absence from the 
1997 conference was conspicuous. His birthday, then, really 
was his wake. It fell to Béla Bollobas to kick off the first 
Paul Erdés Memorial Lecture. “This should be a joyous 
occasion,” Bollobas told an audience of two hundred, “as 
we come together to celebrate the life of Paul Erdés.” Not 
everyone looked joyous, though. Certainly not the keynote 
speaker whom Bollobas was introducing, Vera Sés, widow 
of Erdés’s best friend and one of Erdés’s most important 
collaborators in her own right, with thirty-five joint papers. 
“T first met Paul Erdés in 1948,” she announced, “when 
one of his friends, my high school teacher Tibor Gallai, 
introduced us. The last time I met him was nearly forty 
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years later in Warsaw. We had a long discussion the day 
before he passed away. He was working then on a paper.” 
After recalling some of the problems he worked on, Sds put 
up copies of his letters on the Viewgraph. The audience 
was spellbound by Erddés’s wiggly handwriting. “He would 
have been very pleased by a recent result,” she said, “but 
did not live to see it.” “Maybe it’s in the Book,” someone 
shouted, “and he’s reading it right now.” Everyone nodded 
in agreement. “If we want to remember Paul Erdés,” Sos 
said, “we should prove some of his conjectures. There is no 
better tribute.” Her talk was well received. Afterwards the 
audience was invited to flip through photo albums of 
Erd6és and his mother. 

‘‘No son loved his mother more than Paul,” said John 
Selfridge. “I got to know her well during the spring of 
1966. She was a kind woman. We called her Anyuka 
[Mother] like Paul. She was there at the University of 
Illinois when Paul and I solved a 150-year-old problem,” 
producing a proof that the product of consecutive integers 
is never a square, cube, or any higher power. The key ideas 
in the proof, Selfridge said, came from Erdos. “I was there 
working with him, improving a few of the things he did, 
putting my two cents’ worth in. But I told him, “This is 
really your solution. I only helped you.’ He didn’t exactly 
like that. He liked the idea that this was a joint paper, and 
so it was. I was certainly happy to be part of a very im- 
portant paper. He was generous to a fault and inspired me 
to do things mathematically that I never thought I could 
do. I’ve been described as being a chronic nonpublisher. It 
took nine years for us to finish the paper, “The Product of 
Consecutive Integers Is Never a Power,’ and when it was 
finally published in 1975, it starts with a dedication to six 
of Paul’s mathematical friends who had died from the time 
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we began the work in 1966 to the time we actually got it 
ready for publication. 

“When Paul died, I went to his funeral in Budapest. I 
hate funerals,” said Selfridge, “but ?'m glad I went.” The 
official memorial service, at 11:00 A.M., on Friday, Octo- 
ber 18, 1996, was one of the largest ever held in Hungary, 
with more than five hundred people in attendance, as if it 
were the funeral of a head of state. ‘Then there was a math- 
ematical memorial service that weekend, and finally on 
Monday, a few close friends escorted his ashes to his parents’ 
grave in the Jewish cemetery in Rakoskeresztur. “I waited,” 


‘Canad 


said Selfridge, for the others to leave, bent down, 
touched the twenty-five-year-old gravestone and said sim- 
ply, ‘Anyuka!’ knowing how much she and Paul had loved 


each other. Paul and I loved each other too.” 


When the Memphis conference ended, Ralph Faudree, the 
chief organizer, invited everyone remaining over to his 
house for a “survivors’ party.” The Faudrees’ dining-room 
table was draped with an old pink tablecloth covered with 
the Magic Marker signatures of attendees at previous years’ 
parties. Erddés’s shaky signature appeared several times. 
Next to the table was a peculiarly large black flag. “There’s 
a story behind this,” said Faudree. “Erdés had several birth- 
day wakes here and said they should be celebrated by hang- 
ing out a black flag. Well, one year my wife Pat took him 
up on his whining and made him this black flag and a 
black cake.” This year’s survivors nodded familiarly at the 
flag and signed the tablecloth. Over pulled pork, baked 
beans, and beer, they exchanged Erdés stories. 

“When he first came to Memphis in the seventies,” said 
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Faudree, now a dean at the University of Memphis, “he 
only needed three hours of sleep. He'd get up early and 
write letters, mathematical letters. He’d sleep downstairs. 
The first time he stayed, the clock was set wrong. It said 
7:00 but it was really 4:30 A.M. He thought we should be 
up working, so he turned on the T’'V full blast. Later, when 
he knew me better, he’d come up at some early hour and 
tap on the bedroom door. ‘Ralph, do you exist?’ The pace 
was grueling. He’d want to work from 8:00 A.M. until 1:30 
A.M. Sure we'd break for short meals but we’d write on 
napkins and talk math the whole time. He'd stay a week 
or two and you'd collapse at the end. And after he left, 
you'd get constant phone calls from him for a few days. 
‘Have you finished the proof? Have you given it to the 
typist?’ I told people that I once tried sleeping downstairs 
in what we called the Erdds suite. It didn’t help my math- 
ematical stamina, but I invited other mathematicians to 


tify.’ 

“Faudree’s failure to keep up with Erd6os was hardly 
unique,” said Michael Jacobson. “I met Erdés in 1976, 
when IJ was a graduate student at Emory. He gave a lecture 
and declared at the end, ‘My brain is open.’ It was an 
invitation to talk mathematics with him. So I went up and 
told him the problem I was working on in combinatorial 
set theory. He responded, without a moment's hesitation, 
‘T think you need to find another problem.’ In other words, 
he was saying the problem was too difficult. [ was devas- 
tated—TI was just a student. At least I wasn’t so upset that 
I quit mathematics. Seven years later, when I was at Lou- 
isville, I reminded him of our first meeting and the dev- 
astating thing he had said. But he didn’t remember the 
conversation, and asked me to state the problem again. I 
told him, and he replied, ‘Well, it was too hard. It still 
hasn’t been solved.’ He was absolutely right. His mathe- 
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matical insight was amazing. Today, twenty-one years later, 
the problem still hasn’t been solved. 

‘When I met him in 1976, he was always short of time. 
He’d size people up quickly. He was on the lookout for 
people who really had a spark of genius. When he dis- 
missed my problem as too hard, I guess he decided I didn’t 
have that spark. Although friends point out that he must 
have thought I had something going because later, for 
more than a decade, he came to Louisville once a year and 
stayed a week each time. It was 1983 when he came for 
the first time. I was single then, and he stayed with me. 
It was very exciting. | had heard stories, of course, of how 
hard he worked—and I looked forward to working hard— 
but I wasn’t prepared for just how hard. That first day we 
did mathematics until one in the morning. I was com- 
pletely drained. I went upstairs to bed, and he stayed down- 
stairs in the guest room. At 4:30 A.M. I heard pots banging 
in the kitchen. He kept banging them. It was his way of 
telling me to get up. I stumbled downstairs about six. What 
were the first words out of his mouth? Not ‘Good morning’ 
or ‘How'd you sleep?’ but “Let 7 be an integer. Suppose & 
is...’ I was half-naked, with just a bathrobe on and my 
eyes blurry and partially shut. I drew the line there. I told 
him I couldn’t do mathematics before I took a shower.” 

“Even though Erdés only got three hours of sleep a 
night,’ added Ronald Gould, a mathematician at Emory, 
“he did take little naps throughout the day. But he was 
doing math even then. I once spent an evening explaining 
a proof to him. He’d doze off, and I’d stop speaking because 
I thought he wasn’t paying attention. As soon as I stopped, 
though, he’d raise his head and tell me to continue. This 
went on all evening. He’d doze, wake up if I paused, doze, 
wake up. And you know what was astonishing? After all 
that, he understood the proof!” 
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It wasn’t only the sheer hours he put in doing math- 
ematics that Was unusual, but also the occasions he decided 
to do it. A funeral was as good a place to do mathematics 
as a wedding was, and holidays didn’t stand in the way 
either. “In 1983 my family was in Budapest on Christmas 
Eve,” said Mike Plummer of Vanderbilt University. 
“Christmas is a very big deal there. Families get together 
and open presents. The city stops. Everything closes. The 
buses don’t run. You have to book a taxi days ahead of 
time. We were all dressed up, waiting for a taxi, to go see 
some friends. We were standing around when all of a sud- 
den there is a pounding on the door. I opened it and there 
was Erdés. ‘Plummer,’ he said, ‘Merry Christmas. Let f of 
n be the following function...’ So we talked math until 
the cab showed up. It was hard to shut him up and take 
off.” 

Faudree, like the other Uncle Paul sitters, did not find 
him an easy houseguest: “He was very sensitive to tem- 
perature and circulation. Our house has two stories, with 
an AC control for each floor. The downstairs control was 
outside the room he usually slept in. One time another 
visiting mathematician was staying in that room, so we put 
Erd6és upstairs. He was hot so he went downstairs and 
turned the AC up. That did nothing to the temperature 
upstairs, so he kept going downstairs and cranking the AC 
up. When we got up in the morning, there was frost on 
the downstairs windows. 

“He didn’t lke closed rooms. So another time we left 
the downstairs window open for him and went up to bed. 
Later there was a torrential rainstorm. He came upstairs, 
woke us up, and announced, ‘It’s raining in the window. 
You’d better do something.’ ” 

Although he was hopeless with material things, he was 
always kind to people. ‘““Whenever he came back to Hun- 
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gary after being away,” said Vera Sos, “he’d call the old 
ladies. He always spent the first two or three days visiting 
the mothers and widows of mathematicians.” 

In 1994 in Budapest, Erdés took Zoltan Fiiredi, a young 
Hungarian combinatorialist who had collaborated with him 
on nine papers, to see an old friend, the mother-in-law of 
a mathematical colleague. “She was in a wheelchair,” re- 
called Fiiredi, “and for some reason she was very bitter. 
She was complaining constantly to her maid: ‘Don’t put 
that there’ and ‘Why don’t you serve Herr Professor Erdés 
first?? and other stupid things. Then we all talked—Erdés 
did most of the talking—for about an hour. As we left and 
the maid escorted us out, he gave her a very generous tip, 
as if to acknowledge that she had been treated unfairly. I 
was impressed. He was always able to be independent, and 
he never forgot to do the kind thing. 

“He really was an extraordinary person. I was going 
through an ugly divorce the past three years. He’d call 
every two weeks. Each time he’d ask about the kids and 
assure me he felt sorry for them. Then he’d feed me these 
incredibly intriguing mathematical problems. He was try- 
ing to help in his own way by keeping me going mathe- 
matically. I’ve been struggling to finish a paper we started 
in 1992. ‘The fact that he died is forcing me now to work 
because I owe it to him to finish the paper soon.” 

“He certainly was a caring person,” said Faudree. “He 
cared about my kids, always asked about them, and worried 
about them if anything was wrong. When I went to stay 
in Hungary for the first extended time, in 1981, he told 
everyone to take care of me and my family. He had one 
person worry about our medical care, another person worry 
about our kids’ schooling. He paid attention to people in 
need. When Russian mathematicians arrived penniless in 
Hungary, he gave them every cent he had. 
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‘‘He also cared about things you cared about, even 
things he redlly didn’t lke. For instance, he didn’t like 
dogs. Whenever. a dog approached him, he’d say, ‘Is that 
Fascist hound going to bite me?’ But we had a couple of 
dogs, and he tolerated their greeting him by jumping on 
him. ‘Good,’ he’d say, when they leaped on him, ‘they re- 
member me.’ We used to leave coffee and cereal out for 
him because he’d get up earlier than us. One day when I 
came down to the kitchen there was cereal, lots of cereal, 
all over the floor. I didn’t understand how it got there. Even 
if he opened a new box and had to struggle to rip the 
plastic, that much cereal couldn’t have shot out. I couldn't 
figure it out, so I just swept it up. The next morning I 
came down and there was cereal all over the floor again. 
Erdés was sitting there, dropping fistfuls of cereal, trying 
to feed the dogs.” 

Erdés was hard on everyone’s floors. “Paul liked to 
wash his hands all the time,” recalled Dick Schelp. “He 
really had this thing about picking up germs. You'd leave 
out a fresh towel but he wouldn’t use it. He’d just shake 
the water off. My son said that after he’s been in the bath- 
room, it’s like walking in the middle of a swimming pool. 
There’s water all over.” 

At least water can be cleaned up. Some Uncle Paul 
sitters, though, were not as lucky. “He was staying in one 
of our kids’ bedrooms,” said Plummer. “He had various skin 
afflictions and brought with him different wet and dry sub- 
stances, different lotions and powders, to put on himself 
depending upon how his skin felt. He had taken a bath 
and his skin bothered him. He wasn’t sure which substances 
would help, so he had lathered himself with lotion and 
talc. He managed to spill the lotion and talc all over the 
floor. He tracked footprints across the bedroom. The prints 
are still there!” 
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Erdés’s caretakers drew some comfort from the fact that 
Erdés was as hard on his own belongings as he was on 
other people’s. “I remember him ruining a brand-new suit,” 
said Faudree, “just after someone gave it to him. We were 
driving from Memphis to Louisiana State. Normally we 
took Interstate 55 but Erdés insisted on taking a more sce- 
nic route. So we decided to go through Natchez and visit 
some antebellum homes. We were walking along the Mis- 
sissippi behind one of these homes. At some point we had 
gotten behind a chain-link fence with little spikes on the 
top. Eventually the fence met the river and we couldn’t go 
any further. Paul, always impatient, insisted we scale the 
fence. Schelp and I easily made it over. ‘Then Paul clmbed 
up but sat right down on the spikes. As he jumped off, we 
heard a loud ripping sound. He had a foot-long tear in the 
seat of his pants. He was very upset. I said, ‘Paul, do you 
have another pair?’ ‘No, no,’ he said, ‘this is the only good 
pair. I have one other pair but they bother my skin.’ When 
we got to Louisiana, he went straight to his room. We were 
going to send the pants to a tailor. But he came out with 
a smile on his face and said he’d looked in the mirror and 
saw that the suit was okay because the coat covered the 
rip. The next day we were walking to lunch. And, impa- 
tient again, he started to head down an alley he thought 
was a shortcut. I said, ‘I don’t think you can get through 
that way.’ And he said, ‘Why not?’ I said, ‘I think there’s 
a fence at the end.’ He smiled and said, ‘There is an old 
Hungarian saying: Do not mention rope in the house of a 
man whose son has just been hanged.’ ” 


“WE MATHEMATICIANS ARE ALL 
A LITTLE BIT CRAZY” 


I am not a mathematician. I have never proved a theorem, 
let alone offered a surprising conjecture. My Erdés number 
is infinity. Yet there I was at the Memphis survivors’ party, 
feeling at home, because I too had been touched by Paul 
Erdés—his innocence, his frailness, his magnificent obses- 
sion, his generosity, even his impish take on God. 

I looked around the party at his followers. They were 
a playful and diverse bunch. They came in all shapes and 
sizes. They were round and frail, slobs and clotheshounds, 
men and women, oldsters and adolescents, womanizers and 
wallflowers—at least a dozen nationalities were repre- 
sented—all united in the common quest for universal 
mathematical truth. The Church of Mathematics has a big- 
tent philosophy, welcoming anyone who is serious about 
the quest. Many of the Memphis survivors were smart and 
witty, spouting aphorisms that sounded like Erdés. A few 
were shy and sat alone, quietly nursing beers. Most seemed 
perfectly sane. One or two had the nervous look of out- 
patients trying to keep a lid on things. 

In mathematics, madness often comes with the terri- 
tory. “When I first met Landau in 1935 in Cambridge,” 
Erdés liked to recall, “he told me, ‘Wir Mathematiker sind 
alle ein biBchen meschugge, which means, We mathema- 
ticians are all a little bit crazy. And in 1932, I met a Hun- 
garian mathematician called Sidon, who worked mostly in 
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trigonometric series. He was a very good mathematician, 
but he was a‘bit crazier than the average mathematician. 
In fact, he was.a borderline schizophrenic. They tell about 
him that he usually talked this way to you,” he said, imi- 
tating Sidon, by turning away and leaning close into the 
wall. “But when he talked about mathematics, he talked 
sense....In 1937 when Turan and I visited him—he also 
had a persecution complex—he opened the door a crack 
and said, ‘Please come rather at another time and to an- 
other person.’ Kérem jéjenek maskor és kiilondsen mashoz— 
that sounds better in Hungarian. But later on he was again 
reasonable. Now anyway, let us forget this sad story. Ac- 
tually, he had a curious death. He died like Cyrano de 
Bergerac. A ladder fell on him and broke his leg, and he 
died in the hospital of pneumonia. But anyway, I am sorry 
that he didn’t live to see how popular he became. Every 
mathematician seems to know him now.” 

‘In mathematics you can be pretty far away from the 
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mean,” said Graham, “and still survive—that is, still earn 
a living. In mathematics you see a lot of people who 
couldn’t be, say, salesmen. But they have enough control 
to do math. Some people are beyond that, like John Nash, 
for example.” Nash was a mathematician at Princeton who 
won a Nobel Prize in economics in 1994 for a twenty-seven- 
page doctoral dissertation on game theory written almost 
half a century earlier, in 1949, when he was twenty-one. 
His professors called him “young Gauss” because of his 
lightning speed in solving problems, and fortune magazine, 
in 1958, hailed him as the brilliant star of the “new math- 
ematics.” But then, at the height of his creativity, schizo- 
phrenia seized him. He heard voices, believed strangers 
were spying on him, and drew inexplicable connections be- 
tween people and numbers. He shared the connections in 
one-line postcards: “I rode on bus No. 77 today and it re- 
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minded me of you.” Soon he was committed, at the age of 
thirty, to a psychiatric hospital in Belmont, Massachusetts, 
alongside the poet Robert Lowell. Nash wasn’t cured. He 
ended up wandering the halls of Princeton, hanging out in 
the campus library, and becoming a character, the Phantom 
of Fine Hall, in Rebecca Goldstein’s novel The Mind-Body 
Problem. More than twenty years later, Nash, without 
drugs or treatment, had a spontaneous remission, and was 
well enough to go to Stockholm, when the Nobel Com- 
mittee, after heated deliberations, decided it was appropri- 
ate to give the prize to someone who was mentally ull. 

Nash and Sidon were not isolated cases. Cantor had 
become delusional, Godel had grown paranoid, and the 
mathematician who wouldn’t perform on composite- 
numbered days had turned criminally violent. Then there 
is the Unabomber Theodore Kaczynski, who received a 
Ph.D. in mathematics from the University of Michigan in 
1962. 

“T have a theory,” said Graham about mathematics and 
madness. “In so many areas of mathematics it seems nat- 
ural or appropriate to create your own mathematical world. 
You have a lot of choices. I want to consider structures that 
have thus-and-such properties. I want this structure and not 
that one. Physicists don’t have that freedom: they are con- 
fined by our actual world and try to study it. In physics, 
you can’t suppose that gravity is inverse-cubed when it fact 
it is inverse-squared. In mathematics, you do things like 
that all the time. Remember what Straus said about Ein- 
stein: that he was afraid of going into mathematics because 
it wasn’t clear what the good questions were. In physics, it 
is clear what the important questions are and you go ad- 
dress them. In mathematics, how do you even know where 
to start? 

“There’s a premium in mathematics on doing some- 
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thing new, something different. It can carry over to the 
rest of your life. ‘There’s a tendency to make up your own 
rules. 4d + B is.not equal to B + A. Well, everyone knows 
it is, but suppose it isn’t. Now what have you got? Why 
should you drive on the right when you can drive on the 
left? 

“Of course there are also people who really aren’t all 
that strange who deliberately act in outlandish ways be- 
cause that’s how geniuses are supposed to act. Einstein once 
complained to a friend that the price of scientific fame was 
people coming up to him all the time wanting to talk. You 
could end that in a moment, the friend said, by cutting 
your hair. 

“There are problems in graph theory called extremal 
problems. They are problems about extremes, like ‘What’s 
the largest number of edges a graph can have?’ Erdés was 
into questions like that. I had heard about a European aris- 
tocrat who bought out an opera house and gave tickets to 
his friends and put all the bald ones in a certain position 
so that when he looked down from the balcony their bald 
heads spelled out something spectacular, unbeknownst to 
them. That gave me the idea of holding a conference of 
extremal mathematicians. I’d invite all the strangest people 
I knew over at the same time, not tell them why they were 
invited, and see if they could figure it out.” 

Many people who go into mathematics are seeking ref- 
uge from the rest of the world. “I believe with Schopen- 
hauer,” said Einstein, “that one of the strongest motives 
that lead men to art and science is to escape from everyday 
life with its painful crudity and hopeless dreariness, from 
the fetters of one’s own ever-shifting desires. A finely tem- 
pered nature longs to escape from the personal life into the 
world of objective perception and thought.” Bertrand Rus- 
sell had a troubled adolescence. He contemplated suicide 
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but didn’t go through with it because there were mathe- 
matical problems left to solve. Others have taken their own 
lives because they couldn’t solve the very problems that 
kept Russell going. Logicians joke about a black theorem, 
which if you discover it, drives you mad. Short of insanity, 
said Graham, “you see a lot of people, even quite good 
people, bail out. They get depressed when they recognize 
the impossibility of knowing it all. If you’re a stamp col- 
lector, you can collect all the stamps. In mathematics, you 
can’t prove all the theorems. It can be very discouraging.” 


Ron Graham introduced me to Erdés in 1986. At our first 
meeting Erdés barely noticed me, head deep that he was 
in one conjecture or another. I decided then that I was 
going to follow him for a few weeks as he traveled around 
and showed up unannounced on his colleagues’ doorsteps, 
eager to skip the small talk and plunge right into mathe- 
matics. Ron called ahead so that people Erdés might decide 
to visit would let me tag along. I slept where he slept and 
stayed up nineteen hours a day, watching him prove and 
conjecture. I felt silly not being able, at the age of thirty, 
to keep up with a sickly looking seventy-three-year-old 
man. I suppose I could have shared his pills, but the only 
stimulant I took was caffeine. 

I kept a diary of my travels with Erdés and wrote up 
his story in The Atlantic. When the piece was published, 
it got a lot of attention. A few years later, I ran into Erdés 
and asked what he thought. “Of what?” he asked. “Of the 
story I wrote,” I said. “Ah! The story,” he said. “Do you 
have it?” I gave him a copy and he held it up close to his 
face. Squinting, he studied it, page for page, for what 
seemed like eternity. “What do you think?” I finally 
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asked. He shook his head from side to side. “It’s okay,” he 
said. “Except for one thing.” I thought he was about to 
correct my explanation of Chebyshev’s discovery or the 
Four Color Map Problem or the Prime Number Theorem. 
“You shouldn’t have mentioned the stuff about Benze- 
drine,” he said. “It’s not that you got it wrong. It’s just that 
I don’t want kids who are thinking about going into math- 
ematics to think that they have to take drugs to succeed.” 
That was Erdés, always thinking about the epsilons. 
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225 “God made the integers.” Quoted in Stewart [1987], 67. 
225 “a disease from which.” Quoted in ibid., 67. 
295-226 ‘“Mathematicans knew there was only.” Barrow [1992], 
Bilas 
226-227 “If I were alive in a thousand years” through “you would 
have otherwise.” Erdés and Graham exchange about the 
Continuum Hypothesis. Reprinted with the permission of 
the Canadian Broadcasting Corporation. It is an excerpt 
of the outtakes from the radio program “Math and Af- 
termath: A Tribute to Donald Coxeter,” broadcast on the 
series Ideas on May 13, 1997. The program featured [deas 
host Lister Sinclair and was produced by Sara Wolch. 
228 “TI shall risk nothing.” Quoted in Bell [1937], 464. 
230 “Two people walking in opposite directions.” Peterson [1998], 
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234 “You pick door No. 1.” Vos Savant [September 9, 1990], 15. 

235 Letters from Robert Sachs and Scott Smith. Vos Savant [De- 
cember 2, 1990], 25. 

235 “when you switch, you win two.” Ibid. 

236 EE. Ray Bobo letter. Vos Savant [February 17, 1991], 12. 

236 “When reality clashes.” Ibid. 
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Paul Hoffman first met Erdos in 1986 and 
interviewed him over the last ten years of his 
life, even following him on his mathematical 
sojourns. Hoffman’s 1987 profile of Erdos in 
The Atlantic Monthly won the National 
Magazine Award for feature writing, the most 
prestigious award in American magazine pub- 
lishing. In their citation the judges proclaimed 
it, “A minor classic written with amazing clari- 
ty and wit.” 


Paul Hoffman is the publisher 
of Encyclopaedia Britannica. 
He is the host of the five-part 
PBS series “Great Minds of 
Science” and a frequent corre- 
spondent on television shows 
such as CBS This Morning and 
The NewsHour with Jim Lehrer. For ten years, 
Hoffman was the president and editor-in-chief 
of Discover magazine. He is the author of ten 
books, including Archimedes’ Revenge. He lives 
in Chicago, Illinois, and Woodstock, New York. 
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iathematical genius of the first order, 
{ ; was totally obsessed with his 
thought and wrote mathemat- 
nineteen hours a day until the day 
He traveled constantly, living out 
istic bag, and had no interest in 
companionship, art—all that is 
ndispensable to a human life. 
Hoffman, in this marvelous biogra- 
S us a vivid—and strangely mov- 
ait of this singular creature, one 
rings out not only Erdos's genius 
oddness, but his warmth and sense 
the joyfulness of his strange life. 
—Oliver Sacks 
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